




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































0L systems, 82-85, 893 
     see also Substitution systems 
Sqrt[163] 
     and almost integers, 915 
17-gons 
     and constructible reals, 1129 
1/f noise 
     in electronic systems, 969 
     and limits to randomization, 970 
     in radioactive decay, 970 
     and self-organized criticality, 989 
1/f^2 noise, 1082 
     see also Random walks 
1L systems, 85-88, 893 
     see also Substitution systems 
1/n expansion, 1040 
Sqrt[2] 
     continued fraction for, 144 
     digits of, 142 
     in musical chords, 917 
     and sine curves, 146 
     and substitution systems, 892, 904 
2001: A Space Odyssey 
     extraterrestrial artifacts in, 1183 
     extraterrestrial contact in, 1190 
21 cm line 
     on Pioneer 10 plaque, 1190 
     and water hole, 1189 
24 dimensions 
     isotropy of lattices in, 980 
     sphere packing in, 987 
2SAT (2-satisfiability problem), 1146 
3 
     powers of, 119, 903 
Sqrt[3], and substitution systems, 904 
3-regular graphs 
     see Networks, trivalent 
3/2 
     powers of, 121, 903 
3n+1 problem, 904 
     cellular automaton for, 904 
     as precursor to my work, 879 
     and register machines, 100 
     and Turing machine 600720, 1145 
     see also Arithmetic systems 
3SAT (3-satisfiability problem), 1146 
4-color theorem 
     see Four-Color Theorem 
4 dimensions 
     isotropy of lattices in, 980 
     lattices in, 930 
     and spacetime, 481-486 
     see also Four manifolds 
411 services 
     name lookups in, 1100 
5 dimensions 
     and Kaluza-Klein theory, 1028 
5-fold symmetry 
     CA patterns with, 930 
5/2 
     multiplication system, 123 
5D hypercubes 
     and Penrose tilings, 932 
60 (base) 
     of Babylonian numbers, 902 
6j symbols 
     and spin networks, 1055 
8 dimensions 
     isotropy of lattices in, 980 
     sphere packing in, 986 
A_4 (tetrahedral group), 1032 
A_5 (icosahedral group), 938 
Abacus 
     and history of computing, 1107 
     and history of numbers, 902 
Abacus machines, 97-102 
     see also Register machines 
ABC conjecture 
     and nearby powers, 1166 
Abelian groups 
     axioms for, 773, 1153 
     CAs based on, 887, 956 
     shortest axioms for, 806 
     word problems in, 1141 
     see also Commutative groups 
Abelian semigroups 
     see Commutative semigroups 
Aboav-Weaire law, 1039 

Aboriginal peoples 
     and animism, 1195 
     maze logos used by, 873 
Absolute infinity, 1162 
Absolute motion, 1042 
Absorption laws (in logic), 817 
Abstract algebra 
     and models of math, 1150 
     see also Algebra 
Abstraction 
     and children, 1102 
     and human intelligence, 823, 1178 
     in mathematics, 792, 1149 
     and modelling, 366 
     for ultimate theory of physics, 468 
Abundant numbers, 910 
Acceleration 
     as equivalent to gravity, 1047 
     and finding geodesics, 1049 
     particle production by, 1062 
     and time dilation, 1042 
Accounting 
     detecting fraud in, 1184 
Accumulation points 
     in iterated maps, 961 
Ackermann, Wilhelm (Germany, 1896-1962) 
     and Ackermann functions, 906 
Ackermann functions, 906 
     and Church's Thesis, 1125 
     and growth rates, 1162 
     and recursive functions, 907, 908 
     and symbolic systems, 897, 897' 
Acorns 
     phyllotaxis in, 409 
Acoustic diffusers 
     and flat spectra, 1081 
Action 
     Einstein-Hilbert for gravity, 1052 
     in path integrals, 1061 
Activator-inhibitor processes 
     and animal growth, 419 
     and animal pigmentation, 427 
     and plant growth, 409 
     see also Reaction-diffusion processes 
Active cell 
     in mobile automata, 71 
Active media, 1013 
     and history of CAs, 878 
Adaptation 
     and complexity in biology, 383 
     and definition of life, 1178 
     and fluid flow, 823 
     and human intelligence, 823, 1178 
     in visual system, 1075 
Adaptive algorithms 
     for numerical integration, 1134 
     see also Genetic algorithms 
Adaptive Huffman coding, 1069, 1071 
Addition 
     cellular automata based on, 952 
     in digit sequences, 118 
     NC parallel algorithms for, 1142 
     representing numbers using, 916 
     Turing machines for, 760, 1144 
     see also Plus 
Addition chains, 1095 
Addition formulas 
     and logistic maps, 1098 
Addition systems, 255 
     computational difficulty in, 1147 
     state transition graphs for, 961 
Additive cellular automata 
     with 3 colors, 886 
     basic examples of, 870 
     block frequencies in, 594 
     continuous, 922 
     cryptanalysis of, 1087 
     cryptography with, 600 
     in d dimensions, 1092 
     difference patterns in, 950 
     encodings of arithmetic with, 1164 
     enumeration of, 952 
     as exactly soluble models, 1133 
     finding periods in, 1147 
     fractal dimensions in, 870, 955 
     generalized, 1018 
     and generalized additivity, 952 
     generating functions for, 1091 



     higher-order, 1018 
     history of, 878 
     with limited numbers of cells, 951 
     and multiplication systems, 1094 
     NC computations of, 1149 
     as not universal, 694 
     self-emulation in, 271 
     self-reproduction in, 824 
     self-similarity in, 955 
     sequential versions of, 1034 
     and shift registers, 974-975 
     spacetime entropies for, 960 
     and spacetime symmetry, 1032 
     speeding up, 1094 
     state transition graphs for, 963 
     and successive differences, 1091 
     temporal sequences in, 960 
     and texture generation, 1078 
     two-dimensional, 824 
     see also Finite fields 
Additive processes 
     and Gaussian distributions, 976 
Additivity 
     generalized, 952 
     one-sided, 604, 1088 
     in quantum mechanics, 1060 
     and surjectivity, 959 
Addressing (computer memory) 
     and computer architecture, 1108 
     decoder trees for, 1183 
     emulating with CAs, 663 
Adequate connectives (universal logic functions), 1173 
     for reversible logic, 1098 
Adjacency matrices 
     and cycles, 958 
Adjacency tensors 
     for hypernetworks, 1029 
AEA statements (predicate logic) 
     sets associated with, 1139 
     universality of, 1152 
Aerial reconnaissance 
     cellular arrays used in, 1076 
     and recognizing artifacts, 1183 
Aesthetics 
     of music and bird songs, 1180 
     of physical models, 1025 
     of pictures in this book, 11 
     of ultimate theory of physics, 1026 
Aether 
     see Ether 
Affine transformations 
     and 2D substitution systems, 933 
Aggregation systems 
     continuum behavior in, 331, 978 
     and crystal growth, 993 
     enumeration in, 980 
     generalized, 978 
     and growth of cities, 1014 
     implementation of, 978 
     and insect artifacts, 1011, 1184 
     as models of drainage, 1001 
     in one dimension, 979 
     and tumor growth, 1011 
Aging 
     non-genetic aspects of, 1014 
AGM (ArithmeticGeometricMean) 
     and computation of pi, 912 
     difficulty of evaluating, 1134 
Agriculture 
     history of statistics and, 1082 
     visible from space, 1187 
Aharanov-Bohm effect, 1059 
AI 
     see Artificial intelligence 
Aiken, Howard H. (USA, 1900-1973) 
     and Mark I computer, 1107 
Air 
     patterns in flow of, 376 
     viscosity of, 996 
Airfoils 
     characteristic shapes of, 1183 
Airplanes 
     and analogy with birds, 1100 
     fluid flow past, 996, 997 
     fracture as issue for, 995 
     identifying wreckage of, 1183 
     turbulence in flight of, 1001 
AiryAi (Airy function) 

     asymptotic oscillation of, 917 
     curve of, 145 
Akaike information criterion, 1083 
Albertus Magnus (Germany, ~1200-1280) 
     and mathematics in science, 859 
Alcázar of Seville, 874 
Alchemy 
     and history of complexity, 861 
     and understanding nature, 876 
     and universal objects, 1127 
Alder, Berni J. (USA, 1925- ) 
     and inspirational book cover, 864 
     and molecular dynamics, 879, 999 
     in Preface, xiii 
Alekseev, Vladimir M. (Russia, 1932-1980) 
     and 3-body problem, 973 
aleph_0 (aleph zero) 
     and orders of infinity, 1127, 1162 
     and symbolic representation, 788 
Alexander, James W. (USA, 1888-1971) 
     and moves on networks, 1038 
Alexander moves 
     and general networks, 1038 
     and spin networks, 1055 
Algae 
     growth of, 1004 
     shapes of, 385, 401 
Algebra 
     axioms for, 773 
     Boolean, 1097 
     of classes, 1171 
     history of notation for, 1182 
     and history of posets, 1041 
     and history of proof, 1149 
     history of real, 1153 
     and models of mathematics, 1150 
     non-universality of basic real, 784 
     undecidability in, 1138 
     universal, 1171 
     use of predicate logic in, 1152 
Algebraic analysis 
     of additive CAs, 951 
Algebraic cellular automata 
     see Additive cellular automata 
Algebraic coding theory, 1101 
Algebraic complexity theory, 1143 
Algebraic computation 
     and constraints on formulas, 945 
     and three-body problem, 972 
     see also Computer algebra 
Algebraic curves 
     and linkages, 1129 
     in parameter space sets, 1006 
Algebraic equations 
     compared to Diophantine, 944 
     and linear recurrences, 906 
     solution of, 945 
     and theta functions, 1092 
Algebraic forms 
     of CA rules, 869, 884 
Algebraic functions 
     and nested digit sequences, 913 
     in three-body problem, 972 
     and Thue-Morse sequence, 890 
Algebraic generating functions 
     and hypergeometric functions, 1092 
Algebraic geometry 
     and Diophantine equations, 1164 
Algebraic logic 
     see Boolean algebra 
Algebraic notation 
     and history of universality, 1109 
     origin of, 1182 
Algebraic number fields 
     as generalizing numbers, 1168 
Algebraic number theory, 1165 
Algebraic numbers, 912 
     CA entropies as, 958 
     cryptanalysis of, 1089 
     and Diophantine equations, 1164 
     and Fermat's Last Theorem, 1166 
     and Fibonacci-like sequences, 891 
     and hard hexagon problem, 959 
     in hierarchy of numbers, 916 
     and Penrose tilings, 932 
     and spectra, 1081 
Algebraic quantum field theory (axiomatic field theory), 1057, 1065 
Algebraic simplification 



     and iterated maps, 1098 
     undecidability in, 1138 
Algebraic systems 
     CAs based on, 886, 956 
     generators and relations in, 1169 
     universality of, 784 
     ways to use axioms in, 1159 
Algebraic topology 
     and origins of category theory, 1154 
Algebraic varieties 
     and additive CAs, 1018 
Algol (computer language), 1104 
Algorithmic complexity theory, 1143 
Algorithmic information 
     compared to Shannon, 1071 
     and computational irreducibility, 1132 
     and defining randomness, 1067 
     and definition of complexity, 1069 
     with respect to CAs, 1186 
Algorithmic randomness 
     defining randomness, 554 
     and quantum measurement, 1064 
     and randomness generation, 973 
Algorithmically simple integers, 916 
Algorithms 
     fast types of, 1141 
     fastest Turing machine, 761 
     general structures of, 990 
     for math functions, 1134 
     optimal, 1143 
     see also Programs 
Alhambra in Granada, 874 
Alien intelligence 
     see Extraterrestrial intelligence 
Aliquot sums, 910 
     iterated, 911 
Alkanes, 1194, 1194' 
Allometry (differential growth), 421, 1010 
Alloys 
     searching for, 1193 
Almost integers, 915 
alpha helices in proteins, 1003 
Alphabetical order 
     as lookup mechanism, 622 
Alternative denial 
     as name for Nand, 1173 
Aluminophosphates 
     as radiolarian analogs, 1011 
Aluminum 
     dendritic crystals in, 993 
AM (amplitude modulation), 1188 
Amateur science, 857 
Ambiguity problem 
     for context-free languages, 1138 
Amino acid sequences 
     and evolution, 1003 
     and protein folding, 988 
     statistics of, 1184 
Ammann, Robert (USA, 1946-1994) 
     and nested tilings, 942 
Ammonite septa, 385, 1008 
Amorphous materials, 994 
Amphibians 
     genetic programs of, 1002 
     pigmentation patterns on, 426 
Amplification 
     and chaos theory, 971 
Amplifiers 
     noise in, 302 
Amplitude modulation (AM), 1188 
Amplitudes in quantum theory, 541, 1062 
     continuous nature of, 1148 
Anagni, Italy 
     and Cosmati mosaics, 873 
Analog computers 
     and chaos theory, 971 
     and Gibbs phenomenon, 899 
     and history of computing, 1107 
     and history of numbers, 902 
     linkages in, 1129 
     Shannon's general purpose, 1129 
     sound output from, 1080 
     theoretical power of, 730, 1128 
Analog electronics 
     and form of radio signals, 1188 
Analogy 
     in human thinking, 627 
Analysis 

     by extraterrestrials, 836 
     definition of, 549 
     and NP completeness, 771 
     and Principle of Computational Equivalence, 722 
     processes of, 547-635 
     and recognizing meaning, 826 
     statistical, 588-596 
     traditional idealization of, 736 
     using mathematics, 606-620 
Analysis (mathematical) 
     axioms for, 774, 1155 
     non-standard, 1172 
Analysis of variance (ANOVA), 977 
Analytic continuation 
     of cellular automata, 1092 
     of mathematical functions, 1092 
     in quantum field theory, 1061 
Analytic number theory 
     axioms needed for, 1166 
Analytical engine, 1107 
Analytical results 
     and computational reducibility, 1133 
Analyticity 
     of S matrices, 1057 
     in three-body problem, 972 
     see also Continuity 
Anatomy 
     and studies of form, 967 
Anaxagoras (Greece, ~500 - ~428 BC) 
     and purpose in nature, 1185 
And 
     as associative function, 1094 
     axioms for, 803 
     axioms in terms of, 1151 
     and Boolean formulas, 1095 
     confluence of, 1037 
     emulated by CAs, 662, 1112 
     encoded as integer equation, 1160 
     and junctional calculus, 1170 
     in multivalued logic, 1175 
     and P completeness, 1149 
     and satisfiability, 1146 
     theorems involving, 817 
     truth tables for, 802, 806 
     words in languages for, 1173 
Angelfish 
     pigmentation pattern of, 426 
Angle bisection 
     in decorative constructions, 873 
Angles 
     of CAs on lattices, 473 
     in differential geometry, 1048 
     of images on retina, 1076 
     Moire patterns from, 1078 
     of stems in plants, 408 
Angular momentum 
     intrinsic of particles, 1046 
     quantization of, 1056 
     and spin networks, 1055 
Anharmonic oscillator 
     lack of solution to, 1133 
Animal behavior, 1011 
     and game theory, 1104 
     randomness in, 970 
Animal breeding 
     as randomized algorithm, 1193 
Animals 
     branching in, 1008 
     camouflage of, 1077 
     color vision in, 1075 
     communication among, 1180 
     evolution of plans for, 395 
     evolution of prediction in, 1105 
     free will in, 752, 1135, 1136 
     growth of, 413-422 
     growth of farm, 1010 
     intelligence in, 825, 1178 
     as models for extraterrestrials, 1190 
     objects created by, 1184 
     overall forms of, 417 
     perception in, 827 
     pigmentation patterns of, 422-429 
     and security systems, 1183 
     shapes of and mathematics, 859 
     similarity of forms in, 421 
     territories of, 987 
     use of randomness by, 1192 
Animism, 845, 1195 



Anisotropy 
     in aggregation systems, 978 
     in code 746, 979 
     of patterns on lattices, 980 
     of random walks, 977 
Annualized models 
     and iterated maps, 918 
Anomalies (quantum field theory) 
     as basic quantum effects, 1059 
     and high-mass particles, 1047 
Anomalous magnetic moments, 1057, 1060 
Anonymous functions 
     and lambda calculus, 1121 
Anosov maps, 921 
     periodic points of, 955 
ANOVA (analysis of variance), 977 
Ant pheromones, 1194 
Antarctica 
     Mars meteorite from, 1179 
Anteaters 
     patterns on, 1013 
Antennas 
     nesting in shapes of, 1183 
Anthropic Principle, 1026 
     and teleology, 1185 
Anthropology 
     and history of complexity, 862 
     and theories of communication, 1181 
Anti-reflection in acoustic diffusers, 1183 
Antibodies 
     randomness in, 970, 1184 
Antichains (in posets), 1041 
Antidiffusion equation, 923 
Antikythera device 
     and history of computing, 1107 
     identifying purpose of, 1184 
Antimatter 
     rarity of and T violation, 1019 
Antiparticles 
     and T violation, 1019 
     and vacuum fluctuations, 1062 
Antlers 
     growth of, 1008 
Ants 
     artificial, 931 
Aphorisms, 1196 
Apical meristems (in plants), 409 
APL (computer language), 1104 
Apollo astronauts, 1180 
Apollonian packing, 986 
     vs. Cosmati pattern, 873 
     and network evolution, 1037 
Apollonius (Turkey/Egypt, ~262 BC - ~190 BC) 
     and circle packing, 986 
Apoptosis (cell death), 419 
Applications 
     to biology, 383-428 
     to financial systems, 429-432 
     general issues about, 857 
     to mathematics, 772-821 
     to physics, 369-382, 433-545 
     summaries of, 7-11 
     to technology, 840-843 
Apply 
     basic example of, 853 
     for computing factorial, 1110 
Aquinas, Thomas (Italy, 1225-1274) 
     and argument by design, 861 
AR (automated reasoning) 
     see Automated theorem proving 
Arab-Norman style, 873 
Arabic script, 43, 874 
Arc length, 418, 1048 
ArcCos 
     and tent map, 919 
Archeology 
     and extraterrestrials, 1190 
     identifying purposes in, 1184 
     recognizing artifacts in, 1183 
     recognizing purposes in, 829 
Arches 
     characteristic shapes of, 1183 
Archimedean solids 
     and trivalent networks, 1029 
Archimedes (Sicily, 287-212 BC) 
     and pi, 911 
     and use of mathematics, 859 
Architecture (building) 

     as affecting perception, 1106 
     ornament in, 872, 873 
     rules in, 874 
     study of form in, 967, 1010 
Architecture (computer), 869 
ArcSin 
     and logistic map formulas, 1098 
ArcTan 
     and shift map, 919 
Area 
     and axioms for geometry, 1154 
Area law 
     for Nand expressions, 1097 
Arecibo radio telescope, 1190 
Argonne National Laboratory 
     and theorem proving, 1158 
Argument by design 
     and complexity, 861 
     and teleology, 1185 
Arguments of functions 
     currying of, 896, 1122 
     and Hilbert's 13th problem, 1128 
     and primitive recursion, 908 
Aristotle (Greece, 384-322 BC) 
     and complexity, 861 
     and definition of life, 1178 
     and embryology, 1010 
     and gnomons, 1008 
     and history of logic, 1099 
     and logic in science, 860 
     and nature of space, 1028 
     and origins of randomness, 967 
     and purpose in nature, 1185 
     and theoretical biology, 1003 
Arithmetic 
     algorithmic randomness in, 1067 
     axioms for, 773, 1152 
     of Babylonians, 859 
     as basis for science, 44 
     cellular automaton based on, 614 
     emulated by set theory, 1160 
     and history of proof, 1149 
     and intelligence, 1178 
     non-locality of, 124, 731 
     non-standard models of, 800, 1169 
     and origin of math, 792, 859 
     Presburger, 1143, 1152 
     processes of, 117 
     recursive functions and, 907 
     rules in, 875 
     universal equation in, 786 
     universality in, 784 
     see also Peano arithmetic 
Arithmetic coding, 1071 
Arithmetic hierarchy 
     and oracles, 1139 
Arithmetic operations 
     and computational power, 730 
     performed by CAs, 639 
Arithmetic progressions 
     and Ramsey theory, 1068 
Arithmetic puzzles, 875 
Arithmetic recurrences, 123 
     and register machines, 100 
Arithmetic systems, 122-124 
     emulating register machines, 673, 1114 
     history of, 1115 
     and Turing machine 600720, 1145 
     see also 3n+1 problem 
Arithmetization of metamathematics, 1158 
ARMA processes 
     spectra of, 1082 
     and texture discrimination, 1077 
Armadillo skin 
     texture of, 385 
Array computers 
     and history of CAs, 877 
Arrow function (nested power) 
     and Ackermann function, 906 
     and symbolic systems, 103 
Arrowheads 
     characteristic shapes of, 1183 
Art 
     as affecting perception, 1106 
     applications to, 841, 872 
     astronomical systems like, 835 
     and cellular automata, 872, 929 
     examples of ornamental, 43 



     and form of extraterrestrials, 1191 
     recognition of, 839, 874 
     shell patterns in, 1012 
     and simple rules, 42, 872 
     study of form in, 967, 1003, 1010 
     summary of relations to, 11 
     and visual perception, 1076 
Arthropods 
     growth of, 1011 
Artichoke 
     phyllotaxis in, 409 
Artifacts 
     on astronomical scales, 834 
     compared to nature, 3 
     created by animals, 1184 
     in data, 1184 
     on Earth from space, 1187 
     historical forms of, 1183 
     problem of recognizing, 828, 1183 
     in turbulence computations, 997 
     universe as, 1191 
Artificial intelligence (AI), 628, 1099 
     and complexity history, 862 
     and defining intelligence, 1178 
     and extraterrestrial intelligence, 839 
     and free will, 1135 
     predicate logic and, 1152 
     summary of relations to, 12 
     and theorem proving, 1157 
     and visual perception, 1076 
Artificial life 
     and biological form, 1004 
     and natural selection, 1001 
     summary of relations to, 12 
Artificial organs, 842 
Artificial snowflakes, 992, 992' 
Artificial tissues, 842 
ASCII versions (InputForm) 
     of programs in notes, 854 
ASICs (Application-Specific Integrated Circuits), 1097 
Asparagus 
     phyllotaxis in, 409 
AspectRatio 
     and GoldenRatio, 891 
Assembler 
     and my early programs, 854, 864 
     and register machines, 101, 1114 
Associative algebras, 801 
     as generalizing numbers, 1168 
Associative calculi 
     see Multiway systems 
Associativity 
     3-argument analog of, 1171 
     of And and Or, 817 
     in Boolean functions, 1173 
     cellular automata based on, 886 
     and fast evolution, 1094 
     and generalized additivity, 952 
     in operator systems, 801 
     as source of self-similarity, 956 
     see also Flat 
Assyrian military drill, 875 
Asteroids 
     and chaos theory, 973 
Astrology, 1135 
Astronauts 
     quarantine of, 1180 
Astronomical clocks, 1184 
Astronomy 
     Babylonian, 859 
     extraterrestrial artifacts in, 834 
     geometrical patterns in, 1187 
     Greek, 861 
     and history of computing, 1107 
     and history of statistics, 1082 
     measurement errors in, 967 
     and prehistoric structures, 1184 
     radio phenomena in, 1187 
     randomness in, 313 
     and time in universe, 1021 
Asymptotic freedom in QCD, 1057, 1062 
Asymptotic growth rates, 1162 
     difficulty of finding, 1146 
Asymptotic series 
     in perturbation theory, 1060 
Asymptotic states 
     and quantum field theory, 1130 
Asynchronous cellular automata 

     see Sequential cellular automata 
Atanasoff, John V. (USA, 1903-1995) 
     and early electronic computers, 1107 
Atmosphere 
     2D fluid flow in, 999 
     of extrasolar planets, 1179 
     and origin of life, 1179 
     and randomness in lightning, 995 
     turbulence in, 1001 
     and weather patterns, 1177 
Atomic models 
     of crystal growth, 993 
     of fracture, 995 
Atomic physics 
     6j symbols in, 1055 
     and quantum theory, 1056 
Atomic-scale devices, 841, 1193 
Atomic-scale features 
     and future forms of perception, 1106 
Atomic-scale mapping of wear, 1184 
Atomism 
     and elementary particles, 1044 
     as general theory, 1125 
     history of, 876 
Atoms 
     arrangement of in crystals, 369 
     and chaos theory, 310 
     and concept of programs, 860 
     early models of, 1026 
     and history of complexity, 861 
     and history of quantum theory, 1056 
     as knots in the ether, 1028 
     in models of space, 1028 
     as source of randomness, 967 
     and thermodynamics, 445, 1019 
ATP 
     and definition of life, 825 
Attractors, 275 
     effective reversibility on, 1018 
     in finite systems, 961 
     in iterated maps, 961 
     and memory, 625 
     nested structure of, 959 
     and phase transitions, 341 
     in root finding, 1101 
     and structures in PDEs, 1129 
     in systems based on numbers, 961 
     in Turing machines, 961 
     in visual perception, 1076 
Auctions 
     game theory and, 1105 
Audio representation 
     for cellular automata, 869 
     for data, 1080 
Auditory cortex, 1079 
Auditory perception, 585-588 
Augustine (Algeria, 354-430 AD) 
     and free will, 1135 
Aurora 
     and natural radio emissions, 1187 
Australia 
     straight road in, 1187 
Authentication 
     and hashing, 1100 
Autoactive decay processes, 905 
Autocorrelations 
     in shift registers, 1084 
     and spectra, 1080 
     in textures, 1076 
Automata 
     see also Cellular automata 
     see also Finite automata 
     see also Mobile automata 
Automated theorem proving, 1157 
     for axioms of logic, 811 
     and chemical synthesis, 1194 
     and group axioms, 1153 
     and paramodulation, 1156 
     and proof frameworks, 1177 
     proofs not useful from, 811, 1156 
     for Robbins axioms, 1151 
     of universality, 1115, 1127 
Automatic groups, 1141 
Autoplectic processes (intrinsic randomness generation), 973 
Auxins (plant hormones), 1004 
Auxology 
     and recursive growth, 877, 929 
Avalanches 



     in sandpile models, 989 
     in snow, 993 
Average-case difficulty, 1143 
Averaging 
     in diffusion equation, 1024 
     and Gaussian distributions, 976 
     as source of continuity, 327 
     as source of uniformity, 353 
Avoidable patterns (repetition-free sequences), 944 
Axelrod, Robert M. (USA, 1943- ) 
     and prisoner's dilemma, 1104 
Axiom of choice, 774, 1154 
     and additive functions, 953 
Axiom of infinity, 1154 
Axiom of replacement, 1154 
Axiom schemas, 1156, 1176 
Axiom systems 
     based on multiway systems, 1173 
     for basic logic, 808 
     for cellular automata, 794, 1168 
     and defining complexity, 1068 
     effect of expanding, 1159 
     enumeration of, 809 
     for extended set theory, 1167 
     forcing an operator in, 1172 
     general structure of, 1150 
     vs. generators and relations, 1169 
     interpreting algebraic, 1153, 1159 
     model theory of, 1172 
     for multivalued logic, 1175 
     and operator evolution systems, 898 
     for operator systems, 801 
     and P=NP, 1146 
     proving correctness of, 802, 1170 
     sampled by mathematics, 795 
     table of in mathematics, 773 
     theorems holding in simple, 812 
     and Turing machines, 1145 
     and universality proofs, 1127 
     as way to handle infinity, 788 
Axiomatic quantum field theory, 1057, 1065 
Axiomless formulations 
     of logic, 1156 
Axons 
     of nerve cells, 1075 
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Catenary 
     characteristic shape of, 1183 
     as exactly soluble, 1133 
Caterpillars 
     eating paths of, 1011 
Catfish 
     pigmentation pattern of, 426 
Cats 
     patterns in tortoiseshell, 1014 

Cauchy functional equation, 953 
Cauchy problem 
     vs. constraints, 940 
     for general relativity, 1053 
Cauchy surfaces, 1041 
Cauliflower shape, 385 
Causal invariance, 503 
     and concept of motion, 522, 529 
     and distributed computing, 1035 
     and emulated CAs, 1035 
     and gauge invariance, 527 
     for networks, 515 
     and quantum phenomena, 542 
     in simulating mobile automata, 1034 
Causal networks 
     and cosmology, 1056 
     curvature in, 534 
     difficulty of deducing, 493 
     as directed graphs, 1033 
     from evolution history, 1033 
     exponential growth in, 496 
     and general relativity, 1053 
     as Hasse diagrams, 1033 
     history of, 1032 
     implementation of, 1033 
     and information transmission, 520 
     invariance of, 503 
     loops in, 494 
     from mobile automata, 488, 1033 
     from multiway systems, 507 
     vs. multiway systems, 1037 
     in network evolution, 514 
     and perceived spacetime, 516 
     and posets, 1040 
     random, 1052 
     and replacement orders, 501 
     reversibility in, 495 
     slices through, 516 
     from substitution systems, 497 
     and torsion, 1052 
Causality 
     and Bell's inequalities, 1065 
     and free will, 1136 
Causes 
     compared to regularities, 352 
Caustics 
     and classical limits, 1059 
     discreteness from, 984 
Cave paintings 
     interpretation of, 839 
     purposes of, 1184 
     recognition of, 874 
     and visual perception, 1076 
Cayley, Arthur (England, 1821-1895) 
     and group theory, 1153 
     and iterated maps, 918 
Cayley graphs, 938 
     cellular automata on, 930 
     and hyperbolic space, 1050 
     limiting geometry of, 1051 
     and network constraints, 1032 
     and sorting networks, 1142 
Cayley's theorem 
     as example theorem, 1159 
CCITT compression standard, 1070 
CCSR (Center for Complex Systems Research), xiii 
CDC 7600 computer, 854 
CDMA 
     and radio signals, 1188 
     and SETI, 1190 
     and shift registers, 1086 
CDs (compact discs) 
     bandwidth of, 1079 
Ceiling (integer above) 
     basic example of, 854 
Celestial bodies 
     and fate, 752 
Celestial mechanics 
     and Bohr atom, 1056 
     and computational irreducibility, 1133 
     difficulty of computation in, 1146 
     randomness in, 314 
     and three-body problem, 972 
Cell complexes, 1050 
Cell division 
     in embryos, 1009 
     in networks, 1039 
     in plants, 1004 



     randomness in, 970 
Cells (biological) 
     adhesion of, 418 
     fossils of early, 1179 
     migration of, 418 
     programmed death of, 419 
     sensory, 577 
     shapes of, 1007 
     shapes of in plants, 404 
     types of, 1002 
     and Voronoi diagrams, 987 
Cellular arrays, 877 
     see also Cellular automata 
Cellular automata 
     1D, 53-65 
     2D, 170-181 
     3D, 182-183 
     for 3n+1 problem, 904 
     5-neighbor 2D, 927 
     9-neighbor 2D, 927 
     additive 
         see Additive cellular automata 
     and aggregation, 994 
     from algebraic systems, 886 
     algorithmic information in, 1067 
     with associative rules, 956 
     asynchronous 
         see Sequential cellular automata 
     at-angle evolution of, 1118 
     attractors in, 275 
     axioms for, 794, 1168 
     and biological form, 1004 
     block 
         see Block cellular automata 
     blocking transformations in, 269, 701 
     Boolean formulas for, 616, 869, 1096 
     cardinality of, 1127 
     and causal invariance, 1035 
     and chaos history, 972 
     circles from, 334 
     classes of, 231-249 
     compared to Go, 875 
     and complexity in biology, 1001 
     and complexity research, 862 
     compositions of, 886 
     computational irreducibility in, 740 
     computational reducibility in, 744 
     computations in, 638-641 
     conservation laws in, 458, 1023 
     continuous, 155-160 
     continuous models of, 976 
     continuum limits of, 327 
     and cowrie patterns, 1012 
     and cryptography, 603 
     crystals growth and, 369 
     in d dimensions, 927 
     and data compression, 569 
     deducing rules for, 1089 
     density conservation in, 459 
     density transitions in, 341 
     difference patterns in 2D, 950 
     diffusion equation from, 1024 
     and dimensions of networks, 1030 
     for doubling, 832 
     elementary 
         see Elementary cellular automata 
     emulated by cyclic tag systems, 668 
     emulated by mobile automata, 664, 1112 
     emulated by other systems, 664-673 
     emulated by PDEs, 1129 
     emulated by substitution systems, 666, 1035 
     emulated by symbolic systems, 668, 1113 
     emulated by tag systems, 667, 1113 
     emulated by TMs, 665, 765, 1113 
     emulating logic circuits, 662, 1112 
     emulating mobile automata, 657, 1111 
     emulating multiplication, 661, 1112 
     emulating non-deterministic Turing machines, 1146 
     emulating other systems, 656-663 
     emulating register machines, 661, 1112 
     emulating substitution systems, 659, 1111 
     emulating Turing machines, 658, 1111 
     equivalences of rules, 883 
     evolution as P computation, 1142 
     experiments on, 112 
     factorization of, 956 
     for finding primes, 640, 1109 
     finite-size, 258 

     firing squad problem in, 1035 
     formulas for evolution of, 1134 
     fractals in, 25, 58 
         see also Additive cellular automata 
     and fracture, 995 
     games between, 1105 
     Gray code sequence of, 352 
     from groups, 887 
     growth rules for 2D, 928 
     halting problems for, 1137 
     hand computation of, 42 
     hardware simulators for, 928 
     for hash codes, 622 
     history of, 48, 876 
     history of 2D, 928 
     history of my work on, 880 
     history of universal, 1115 
     ideal gas modelled by, 445 
     implementation of 
         see CellularAutomaton 
     implementation of 1D, 865 
     implementation of 2D, 927 
     implementation of general, 886, 927 
     implementation of totalistic, 886 
     invariant states in, 348 
     invertible 
         see Reversible cellular automata 
     as iterated bitwise maps, 921 
     of limited size, 258, 961 
     as mappings, 959 
     and math morphology, 1077 
     meaning of, 1183 
     memory of, 621 
     minimal for given sequences, 1186 
     and modelling history, 992 
     modelling with, 366 
     as models for crystal growth, 369 
     as models for fracture, 375 
     as models for space, 472 
     as models in finance, 431 
     as models of fluids 
         see Cellular automaton fluids 
     and models of traffic, 1014 
     with more colors, 107 
     from multiplication tables, 614 
     my first pictures of, 19, 864 
     my first use of, 17 
     Nand forms for, 619, 1096 
     and nanotechnology, 841 
     nearby rules in, 948 
     neighborhoods for 2D, 928 
     nesting in, 25, 58 
         see also Additive cellular automata 
     on networks, 930, 936 
     non-computability in, 1128 
     NP completeness in, 767 
     number of symmetric, 886 
     origins of nesting in, 270 
     outcome of evolution in, 753 
     and P completeness, 1149 
     as parallel computers, 1109 
     and patterns on shells, 389 
     perceptrons for, 1102 
     with periodic initial conditions, 267 
     perturbations on, 325 
     phase transitions in, 339 
     and pigmentation patterns, 427 
     possible sequences from, 1186 
     from powers, 1093 
     for powers of 3, 903 
     probabilistic, 591 
     purpose in, 830 
     quantum analogs of, 1147 
     quantum-dot, 1193 
     for quantum systems, 1060 
     r=1 
         see Elementary cellular automata 
     r=1/2, 806, 885 
     r=3/2, 1088 
     with random initial conditions, 224-228 
     random initial conditions for 2D, 246 
     random mutations in, 391 
     as randomness generators, 973 
     and reaction-diffusion, 427, 1013 
     and regular languages, 1138 
     repetitive behavior in, 267 
     reversible 
         see Reversible cellular automata 



     rotational invariance in 2D, 473 
     as rule-based systems, 860 
     rule numbering for, 53 
     in sandpile models, 989 
     for Schrödinger equation, 1060 
     second-order 
         see Reversible cellular automata 
     and self-gravitating systems, 1021 
     self-reproducing, 1179 
     from semigroups, 887 
     sequences of rules in, 241 
     sequential, 1034 
     and shell patterns, 423, 1012 
     and shift registers, 975, 1088 
     smooth shapes in, 333 
     spectra of, 1082 
     speed of light in, 518 
     for squaring, 639, 1109 
     state space of, 869, 958 
     states vs. digit sequences, 950 
     as statistical tests, 596 
     structures in, 281-296 
     structures in as particles, 525 
     and study of form, 967 
     surjective, 280 
     symmetry in 2D, 927 
     synchronization in, 1035 
     as syntax checkers, 1109 
     technology applications of, 841 
     as texture generators, 578, 1078 
     thermodynamic behavior in, 443 
     three-color, 60 
     and tiling problems, 1139 
     time vs. space in, 481 
     as too rigid for ultimate theory, 467 
     totalistic 
         see Totalistic cellular automata 
     ultimate theory of physics and, 1026 
     undecidability in, 753, 1136, 1138 
     universal, 644-656, 675 
     universal 2D, 693 
     for Voronoi diagrams, 987 
     weighted totalistic, 427 
Cellular automaton fluids, 378-382 
     as application of randomness, 1192 
     compressible flow in, 1000 
     detailed issues with, 999 
     and generalized fluid flow, 1000 
     history of, 999 
     my papers on, 882 
     on square grids, 999 
Cellular logic systems, 877 
Cellular spaces 
     see Cellular automata 
Cellular structures 
     and networks, 1039 
     from superposed waves, 984 
Cellular telephones 
     radio signals from, 1188 
     and shift registers, 1086 
CellularAutomaton (in Mathematica), 867 
     framework for, 886 
Cellulose 
     and rigidity of plants, 1004 
Celtic art, 43, 873 
Census data 
     and soundex system, 1100 
     as source of randomness, 968 
Center for Complex Systems Research, xiii 
Center-surround cells 
     in visual system, 1075 
Central groupoids, 1171 
Central Limit Theorem, 329, 976 
     and differences in 2D CAs, 950 
     history of, 977 
     and nesting, 990 
     and typical data, 1083 
Central pattern generators (in animals), 1011 
Ceremonial functions, 830 
Cerenkov light, 984 
CFD (computational fluid dynamics), 1000 
Chain (unbranched) hydrocarbons, 1194 
Chains 
     in evaluation, 907 
     in hashing, 1100 
     in posets, 1041 
Chains (metal) 
     characteristic shapes of, 1183 

Chaitin, Gregory J. (USA/Argentina, 1947- ) 
     and algorithmic randomness, 1068 
     and experimental math, 899 
     in Preface, xiii 
     and randomness in arithmetic, 1067 
     and universal objects, 1127 
Chaitin-Kolmogorov complexity 
     see Algorithmic information 
Chalk 
     fracture in, 994 
Champernowne, David G. (England, 1912-2000) 
     and normal numbers, 912 
Champernowne number, 913 
     continued fraction of, 915 
Change of variables 
     and amount of computation, 732 
Changes 
     in initial conditions, 252 
Chaos (book), 971 
Chaos theory 
     artifacts in computations on, 1184 
     audio studies of, 1080 
     and Bianchi IX cosmology, 1053 
     and computational irreducibility, 1133 
     and computer experiments, 899 
     and continuous computation, 1128 
     and divergence of geodesics, 1049 
     executive toys illustrating, 1183 
     and financial markets, 1015 
     and fluid flow, 381 
     and free will, 752, 971, 1135 
     and hard sphere gases, 1022 
     history of, 971 
     and history of complexity research, 862 
     and history of numbers, 901 
     and history of randomness, 968 
     in iterated maps, 149-155 
     as limit on science, 1135 
     and Lyapunov exponents in CAs, 950 
     and my work on CAs, 19 
     in ODEs, 922 
     and origin of randomness, 304-314 
     and QCD, 1061 
     and quantum measurement, 1063 
     and recognizing chaos, 972 
     and solar system, 973 
     summary of relations to, 13 
     and thermodynamics, 1020 
     in three-body problem, 972 
     and turbulence, 997 
     and weather prediction, 1178 
Chaperone molecules, 988 
Characteristic polynomials 
     and CA entropies, 958 
Characteristica universalis (universal language), 1109, 1149 
Charcoal 
     in archeology, 1183 
Charge 
     conservation of, 527, 1022 
     and gauge invariance, 1045 
     quantization of, 528, 1046 
Charge carriers 
     and thermal noise, 968 
Chartres 
     maze at, 873 
Chaté, Hugues (France, 1961- ) 
     and CA classes, 948 
     and continuous CAs, 922 
ChebyshevT (Chebyshev polynomials) 
     and logistic map formulas, 1098 
Checkerboard 
     generated by rule 250, 25 
     as updating pattern, 982 
Cheetah 
     pigmentation pattern of, 426 
Chemical kinetics 
     rate equations in, 984 
Chemical networks 
     and origin of life, 1179 
Chemical perception, 1105 
Chemical processes 
     and animal growth, 419 
     and animal pigmentation, 427 
     and plant growth, 409 
     randomness from, 970 
     and reaction-diffusion, 1012, 1013 
Chemical synthesis 
     basic theory for, 1194 



     and nanotechnology, 1193 
Chemistry 
     as analog of science in this book, 843 
     arguments for atoms in, 876 
     and computational irreducibility, 1193 
     and definition of life, 825 
     interesting compounds in, 1194 
     of martian soil, 1179 
     networks with analogies in, 1040 
     success of math in, 859 
Chemotherapy 
     search for compounds for, 1193 
Chervil (cow parsley) 
     shape of wild, 385 
Chess 
     programs for, 1099 
Chi-rho page (of Book of Kells), 873 
Child development, 1102 
     history of, 1099 
     and language, 630 
Children 
     and animism, 1195 
     and concept of programs, 1177 
     and free will, 1136 
     and purposes in nature, 1185 
     randomness in games of, 968 
     recognition of intelligence in, 825 
China 
     Pascal's triangle in, 870 
Chinese lattice, 874 
Chinese Remainder Theorem 
     and encoding of lists, 1120 
     and GCD array, 1093 
Chips (integrated circuits) 
     and Boolean minimization, 1097 
     and history of CAs, 877 
     and history of computing, 1108 
     and Nand, 1173 
     randomness sources on, 970 
Chirality of molecules 
     and definition of life, 1178 
Chirping (of radar pulses), 1188 
Chladni figures, 984 
Chloroplast 
     form of, 385 
Choice 
     axiom of, 774, 1154 
Chomsky, Noam (USA, 1928- ) 
     and generative grammars, 939 
     and models of language, 1104 
     and universals in language, 1181 
Chomsky hierarchy (of formal languages), 939 
Chords (musical), 917 
     in audio for CAs, 869 
     perception of, 587, 1079 
     waveforms of, 146 
Chorus (natural radio signals), 1187 
Christianity 
     and free will, 1135 
     rejecting animism, 1195 
Christoffel symbols, 1049 
Chromatic number 
     of networks, 1029 
Chromaticity values, 1074 
Chromosomes 
     random distribution into, 970 
Chunks (in short-term memory), 1102 
Church, Alonzo (USA, 1903-1995) 
     and Church's Thesis, 1125 
     and defining randomness, 1068 
     and lambda calculus, 1121 
     and models of computation, 879 
     and number combinators, 1122 
     and origins of universality, 1110 
     and undecidability, 1136 
Church numerals 
     in combinators, 1122 
     in symbolic systems, 897 
Church-Rosser property, 1036 
     for combinators, 1122 
     for symbolic systems, 898 
Church's Thesis, 1125 
Cicero, M. Tullius (Italy, 106-43 BC) 
     and free will, 1135 
Cilia 
     symmetries in, 1007 
Ciphers, 598 
     see also Cryptography 

Circadian rhythms, 1011 
Circle method (in number theory), 1165 
Circle packings, 349 
     history of, 985 
     with unequal circles, 350 
Circles 
     areas of, 1050 
     and constructible reals, 1129 
     lattice points inside, 910 
     in ornamental art, 873 
Circuits (logic) 
     and computational complexity theory, 1148 
     and DNF, 1095 
     layout of, 985 
     minimal sizes of, 1096, 1143 
     multilevel minimization in, 1096 
     and names for operators, 1173 
     as network system analog, 193 
     optimal blocks in, 1193 
     and P completeness, 1149 
     in practical computers, 1108 
     as representing functions, 1095 
     use of Nand in, 806 
Circular (cyclic) boundary conditions, 255 
Circular growth 
     in 2D cellular automaton, 178, 979 
     in 2D random walks, 329 
     in aggregation systems, 331, 978 
Circular reflector 
     caustics from, 984 
     chaos from, 311 
Circular shapes 
     of heavenly bodies, 875 
Circumference (of networks), 1029 
Cirrus clouds 
     pattern formation in, 947 
Cissoids, 875 
Citations 
     for cellular automata, 878 
     in this book, 850 
Cities 
     growth patterns of, 1014 
     lack of nesting in, 874 
     pattern of lights of, 1187 
Civet 
     pigmentation pattern of, 426 
Clam shell 
     growth of, 414 
Class 1 behavior, 231 
     and non-universality, 694 
     as origin of uniformity, 353 
     and reversible CAs, 1018 
Class 2 behavior, 231 
     attractors in, 275 
     in class 3 systems, 269 
     and limited size, 255 
     and non-universality, 694 
     in reversible CAs, 1018 
     and transition graphs, 962 
Class 3 behavior, 231 
     in 2D cellular automata, 248 
     attractors in, 278 
     class 2 behavior in, 269 
     in continuous CAs, 922 
     in early neural nets, 1102 
     and finite-size periods, 258 
     and fracture patterns, 995 
     localized structures in, 526 
     in power cellular automata, 1093 
     randomness in, 261 
     in reversible CAs, 1018 
     and transition graphs, 962 
     universality in, 698 
     see also Rule 30, 90, etc. 
Class 4 behavior, 231, 235-239 
     in 2D cellular automata, 248, 948 
     in 3-color 2-neighbor CAs, 1116 
     in 3-color totalistic CAs, 948 
     in 3D cellular automata, 949 
     attractors in, 278 
     as between class 2 and 3, 240 
     in continuous CAs, 244, 922 
     and defining complexity, 1069 
     and extraterrestrials, 839 
     fluctuations in, 960 
     and history of universality, 1115 
     number of structures in, 1047 
     particle collisions in, 540 



     in reversible CAs, 440, 1018 
     structures in, 281-296 
     and universality, 691 
     see also Rule 110, etc. 
Class field theory 
     and almost integers, 915 
Classes, theory of (in foundations of math), 1151, 1171 
Classes of cellular automata, 231-249 
     chaos in, 250 
     entropies in, 960 
     frequencies of, 948 
     history of, 948 
     undecidability of, 948 
Classes of systems 
     universality of, 1123 
Classification 
     in biology, 1003 
     of plants, 1004 
Classification schemes 
     undecidability of, 1138 
Classifier systems (sequential substitution systems), 894 
Clausius, Rudolf J. E. (Germany, 1822-1888) 
     and thermodynamics, 1019 
Clay 
     in archeology, 1183 
     self-replication in, 1179 
Clebsch-Gordan coefficients 
     and spin networks, 1055 
Cliques 
     and discrete packings, 987 
Clock 
     and Descartes on complexity, 861 
     as model of planets, 860 
     as seed for random generator, 970 
Clocksprings 
     characteristic shapes of, 1183 
Closed curve 
     as origin of repetition, 355 
Closed forms, 1133 
     for 3-body problem, 972 
     for logistic map, 1098 
     for nested patterns, 610 
     see also Exact solutions 
     see also Formulas 
Closed systems 
     thermodynamics in, 455 
Clothes 
     parametrizations of, 1010 
Clothoid curve, 418 
Cloud seeding, 992 
Cloud streets 
     discreteness in, 984 
     as repetitive, 988 
Clouds 
     patterns of, 377 
     snowflake formation in, 372, 992 
     turbulent convection in, 1001 
     and weather prediction, 1178 
Club of Rome (world models), 862 
Cluster analysis 
     and Voronoi diagrams, 987 
Clusters 
     in aggregation systems, 332, 978 
     in diffusion-limited aggregation, 994 
     in sphere packings, 986 
Clusters (in networks), 510, 1039 
     total numbers of, 1029 
CM-1 (Connection Machine) computer, 854 
CMOS FETs 
     and Nand, 1173 
CNF (Conjunctive Normal Form), 1095 
     and satisfiability, 1146 
Coal 
     and interesting chemicals, 1194 
Coarse-graining 
     and defining randomness, 1068 
     history of, 1020 
     in thermodynamics, 448 
Coarsening 
     in cellular structures, 1039 
Coastlines 
     origin of shapes of, 1001 
Coats of animals 
     patterns on, 426 
Cobol 
     and history of computing, 1108 
Coccolithophorid 
     shape of, 385 

Cocconi, Giuseppe (Italy/USA/Switzerland, 1914- ) 
     and SETI, 1189 
Cochlea 
     and audio perception, 1079 
Cochrane, Canada 
     and patterns from space, 1187 
Cockle shell 
     growth of, 415 
Codd, Edgar F. (USA, 1923-[2003]) 
     and universal CAs, 1117 
Code 
     in notes to this book, 854 
     see also Programs 
Code (hash), 622 
Code (machine), 101 
Code 10 
     and my CA history, 882 
Code 12 
     and Ulam systems, 929 
Code 20 
     attractors in, 958 
     as candidate for universality, 1115 
     excluded blocks in, 958 
     halting probability in, 964 
     persistent structures in, 281, 284 
     transient lengths in, 964 
Code 52 
     as candidate for universality, 692 
     phase transition in, 981 
Code 52 (2D) 
     domains in, 980 
Code 111 (2D) 
     domains in, 980 
Code 177 
     randomness from, 64 
Code 204 (2D) 
     self-reproduction in, 824 
Code 224 (2D) 
     see Game of Life 
Code 237 
     nesting in, 65 
Code 293 (2D) 
     domains in, 980 
Code 294 
     localized structures in, 526 
Code 295 (2D) 
     domains in, 980 
Code 357 
     persistent structures in, 282, 286 
     from simple seed, 69 
Code 420 
     as additive CA, 886 
     nesting in, 63 
Code 468 (2D) 
     isotropy in, 473 
Code 600 
     repetition in, 62, 69 
Code 686 
     and Ulam systems, 929 
Code 686 (2D) 
     isotropy in, 473 
Code 746 (2D) 
     circular shape from, 178, 334, 979 
     interior of, 929 
     isotropy in, 473 
Code 843 
     and computational reducibility, 738 
Code 867 
     examples based on, 868 
Code 870 
     and computational reducibility, 738 
Code 912 
     randomness in, 64 
Code 920 (2D) 
     domains in, 980 
Code 942 (2D) 
     nested pattern from, 171 
     slices through, 928 
Code 948 
     nesting in, 65 
Code 976 (2D) 
     domains in, 336, 980 
     phase transition in, 340 
Code 1041 
     complex behavior in, 66 
Code 1329 
     persistent structures in, 282 
     from simple seed, 62 



Code 1599 
     complex behavior in, 69, 70 
     and computational irreducibility, 738, 740 
     and free will, 750 
Code 1635 
     complex behavior in, 66, 67 
Code 1659 
     class 4 behavior in, 238 
Code 1749 
     nesting in, 65 
Code 1815 
     class 4 behavior in, 236 
     and universality, 692 
Code 1893 
     localized structures in, 526 
     nested domains in, 360 
Code 2007 
     class 4 behavior in, 237 
Code 2040 
     randomness in, 64 
Code 2043 
     class 4 behavior in, 239 
Code 2049 
     complex behavior in, 66, 68 
Code 2058 
     from simple seed, 69 
Code 3702 (2D) 
     examples based on, 868 
Code 29408 
     shape produced by, 980 
Code 174826 
     shape produced by, 929, 980 
Code 175850 
     shape produced by, 980 
Code 1004600 
     and undecidability, 754, 1137 
Code books 
     and cryptography, 1085 
     in sound compression, 1080 
Codes 
     error-correcting, 1101 
     Huffman, 564 
     Shannon-Fano, 1069 
     for totalistic CAs, 60 
     for Turing machines, 888 
     see also Cryptography 
Codewords 
     in block encoding, 563 
     in error-correcting codes, 1101 
     self-delimiting, 1071 
Coding theory 
     algebraic, 1101 
     and block emulations, 1119 
CoefficientList 
     and Sierpinski pattern, 931 
Coffee grains, 986 
Cognition 
     see Thinking 
Cogs 
     characteristic shapes of, 1183 
Cohen, Paul J. (USA, 1934- ) 
     and continuum hypothesis, 1155 
Coherence 
     and definition of purpose, 830 
     and human will, 1136 
Coherent states (in quantum theory), 1059 
Coherent structures 
     in QCD, 1061 
     in turbulent fluids, 997 
     see also Localized structures 
Coiling 
     in animals, 413 
Coin tossing 
     randomness from, 305, 971 
     in water, 971 
Coincidences 
     and randomness, 967 
Coins 
     maze patterns on, 873 
     packing of identical, 349 
Cold War 
     and beliefs about SETI, 1191 
Collagen 
     repetitive structure of, 1003 
Collatz problem, 904 
     see also 3n+1 problem 
Collect 
     analog in Boolean formulas, 1095 

Collective behavior 
     general theory of, 3 
Collectives 
     and defining randomness, 1068 
Collisions 
     and chaos theory, 971 
     on inspirational cover, 17 
     law for in rule 110, 964 
     of planets, 973 
     in rule 110, 684 
     of structures in rule 110, 294 
     and thermodynamic model, 445 
Colonization of galaxy, 839 
Color 
     and pictures in this book, 851 
     vision, 577, 1074 
Color charges 
     and QCD, 1057 
Coloration of animals, 426, 1012 
Coloring of networks, 1029, 1031 
Combinatorial chemistry, 1193, 1194 
Combinatorial optimization, 985 
Combinatorial physics, 1027 
Combinatorial topology, 1051 
Combinatorics 
     posets in, 1041 
     and substitution systems, 893 
     undecidability in, 1138 
Combinators 
     behavior of, 712 
     emulating cellular automata, 1123 
     emulating rule 110, 713 
     halting in, 897 
     history of, 1121 
     and history of universality, 1110 
     as idealization of math, 1150 
     and network systems, 936 
     as precursors to my work, 879 
     properties of, 1122 
     single universal, 1123 
     and symbolic systems, 102, 898 
     as symbolic systems, 711 
     as universal systems, 711 
     and variables in axioms, 1156 
Combinatory algebra, 1172 
Comet orbits 
     and Gaussian distribution, 977 
Common subexpressions 
     in equation solutions, 945 
     in multilevel logic, 1096 
     and networks, 1040 
     and speedups, 1094 
Communication 
     animal, 1180 
     between computers, 1182 
     and definition of intelligence, 826 
     of effects in CAs, 252 
     with ETs in science fiction, 1191 
     theories of, 1181 
     and use of language, 630 
Communications systems 
     and data compression, 549, 560 
     and layout of networks, 1031 
     and shift registers, 878 
     simulations of, 968 
     and theories of communication, 1181 
Commutative 
     see Orderless 
Commutative Boolean functions, 1173 
Commutative diagrams 
     in category theory, 1154 
Commutative groups 
     axioms for, 773, 1153 
     decidability for, 1160 
     enumeration of, 805 
     and forcing by axioms, 1172 
     incompleteness of theory, 1160 
     shortest axioms for, 806 
     total number of, 1172 
     see also Abelian groups 
Commutative monoids 
     enumeration of, 952 
     and generalized additivity, 952 
Commutative rings, 1153 
Commutative semigroups 
     Cayley graphs of, 938 
     enumeration of, 805, 1173 
     word problems in, 1141 



Commutativity 
     of And, 817 
     and generalized additivity, 952 
     in operator systems, 801 
     of Or, 817 
     proof in Nand axioms, 775 
     and speedups in evolution, 1095 
     unprovability in reduced arithmetic, 800 
Commuting operations 
     and causal invariance, 1036 
Companding 
     in sound compression, 1080 
Comparative anatomy 
     and studies of form, 967 
Competition 
     between programs, 1105 
     in phase transitions, 983 
Compile 
     and CA evolution, 865 
Compiled languages, 1109 
Compiler generators, 1104 
Compilers 
     for functional languages, 898 
     optimal code searches in, 1193 
     and register machines, 1114 
Compiling 
     see Emulation 
Complement 
     and finite set theory, 1171 
Complement cellular automaton, 883 
Complete bases 
     for data, 1072 
     for logic, 1173 
Complete graphs 
     and planarity tests, 1045 
Completely connected sets 
     and discrete packings, 987 
Completeness 
     vs. Incompleteness Theorem, 1159 
     meanings of, 1152 
     in multiway systems, 782, 797 
     of number representations, 1070 
     in predicate logic, 1152 
     of real algebra, 1154 
     see also Universality (computational) 
Completeness theorem 
     for equational logic, 1172 
     for first-order logic, 1167 
Completion 
     algorithms for, 1037 
     and automated proofs, 1158 
     in multiway systems, 782 
Complex analysis 
     and growth shapes, 1010 
     and S matrix theory, 1057 
Complex bases, 932 
Complex maps, 933, 933' 
Complex numbers 
     and branching patterns, 1005 
     cellular automata based on, 886 
     as defining poset, 1041 
     and multiway systems, 939 
     not related to complexity, 1069 
     as number generalizations, 1168 
     powers of, 1094 
     and Sierpinski pattern, 931 
Complex plane 
     nested patterns in, 1093 
Complex rules 
     with simple behavior, 351 
Complex systems research 
     and defining complexity, 1069 
     history of, 20 
     organizational structure of, 862 
Complexity 
     adaptive value of, 1002 
     and animism, 845 
     applications of, 841 
     biology as prime example of, 383 
     in biology vs. thermodynamics, 1003 
     compared to randomness, 557 
     definition of, 557-559 
     and definition of life, 824 
     explaining in biology, 396 
     explaining phenomenon of, 735-737 
     formula size as measuring, 1096 
     history of definitions of, 1068 
     of human thinking, 628 

     of individual integers, 916 
     ingredients for, 1131 
     limited by natural selection, 392 
     as limited in biology, 391 
     of logic circuits, 1096 
     and lossy compression, 574 
     of math formulas, 1068 
     in mathematics, 772 
     in models, 364 
     mystery of in nature, 2 
     and Principle of Computational Equivalence, 719 
     of proofs in math, 777 
     from random initial conditions, 228 
     in rule 110, 39 
     and science, 861 
     as special to humans, 844 
     and theology, 861 
     of Turing machine rules, 1119 
     in Turing machines, 709 
     and universality, 643 
Complexity engineering, 882 
Complexity theory 
     history of, 862 
     summary of relations to, 13 
Complexity theory (computational complexity theory), 1142 
Composite heads 
     in symbolic expressions, 896 
Compositeness 
     of elementary particles, 1044 
Composition (music) 
     with substitution systems, 1080 
Compositions 
     of cellular automata, 886 
     of functions, 896 
     of polynomials in iterated maps, 1098 
Compound leaves, 1005 
Compounds 
     chemical, 1194 
Compressible flow (in fluids) 
     see Supersonic flow 
Compression 
     audio, 1080 
     of CA patterns, 562 
     and computational reducibility, 746, 1134 
     and computer communication, 1182 
     of data, 560-576 
     in extraterrestrial signals, 836 
     lossy, 572 
     maximal in block encoding, 1071 
     in mobile automata, 72, 488 
     and recognition of meaning, 827 
     software for, 1069 
Compton scattering, 1060 
Computability 
     see Decidability 
Computable reals, 1128 
Computation 
     analog, 730, 1128 
     in cellular automata, 638-641 
     as conceptual foundation, 5 
     continuous, 730, 1128 
     efficiency of, 758 
     math notation for, 1182 
     minimal systems for specific, 832 
     not for definite tasks, 715 
     notion of, 637-714 
     reversible, 1018 
     and thermodynamic behavior, 444 
     thermodynamics of, 1018, 1020 
     universality as basis for study of, 674 
     see also Computing 
     see also Programs 
Computation universality 
     history of, 1109 
     see also Universality 
Computational complexity theory, 758, 1142 
     and computational irreducibility, 1132 
     of computing pi, 912 
     and defining randomness, 1068 
     and definition of complexity, 1069 
     of math function evaluation, 1134 
     and Principle of Computational Equivalence, 766 
     summary of relations to, 14 
Computational Equivalence, Principle of, 715-846 
     see also Principle of Computational Equivalence 
Computational fluid dynamics, 1000 
     and Navier-Stokes, 996 
Computational geometry 



     and nearest neighbors, 1101 
     recursive algorithms in, 1142 
     and Voronoi diagrams, 987 
Computational irreducibility, 737-750 
     and chemistry, 1193 
     and complexity, 748 
     and computational complexity theory, 1148 
     and epistemology, 1196 
     and extraterrestrial trade, 1191 
     and free will, 750 
     and Gödel's Theorem, 788 
     history of, 1132 
     and human responsibility, 1136 
     and intractability, 758 
     introduction to, 6 
     and limits of science, 1135 
     in mathematics, 779 
     my discovery of, 881 
     in operator systems, 815 
     origins of, 1133 
     and Principle of Computational Equivalence, 738 
     in QED, 1060 
     and three-body problem, 972 
     ubiquity of, 745 
     and weather prediction, 1178 
Computational learning theory, 1102 
Computational neuroscience 
     and visual perception, 1076 
Computational reducibility, 738 
     in additive CAs, 1094 
     and associative evolution, 1094 
     as basis for existing science, 741 
     and compression, 746 
     and engineering, 829 
     and exact solutions, 1133 
     examples of, 744, 747 
     in network of theorems, 821 
     and regularities, 746 
Computational science, 44 
Computational work 
     and computational irreducibility, 739 
Computer-aided design (CAD) 
     and discrete surfaces, 1050 
Computer algebra 
     and computer experiments, 899 
     and Feynman diagrams, 1057 
     and gravity theory, 1048 
     see also Algebraic computation 
Computer art, 11 
Computer-assisted proofs 
     see Automated theorem proving 
Computer experiments 
     basic, 23 
     and chaos theory, 899 
     and computational irreducibility, 1132 
     and continuous systems, 167 
     and ergodicity, 1020 
     and iterated maps, 919 
     lack of meaningful, 898 
     and learning about this book, 856 
     methodology of, 108-113 
     my first on CAs, 880 
     my need to do more, 20 
     on natural selection, 1002 
     problems with chaos in, 919 
     and solitons, 899 
     and symbolic computation, 899 
     and theorems, 899 
     for this book, 46, 111, 854 
Computer graphics 
     and discrete surfaces, 1050 
     and history of modelling, 992 
     and models of plant growth, 1005 
     and models of shell shapes, 1008 
     and nesting, 934 
     and substitution systems, 893 
     surface roughness in, 996 
     textures in, 1077 
     use of randomness in, 841, 1192 
Computer interfaces 
     graphical vs. language, 631 
     history of, 1102 
Computer languages 
     and context-free grammars, 939 
     and history of computing, 1108 
     and human thinking, 627 
     influence on thinking of, 1181 
     logic primitives in, 1173 

     and P equivalence, 764 
     redundancy in, 1086 
     and universality, 642 
     see also Languages (computer) 
Computer programs 
     in notes, 853 
     see also Programs 
Computer science 
     education and this book, 855 
     structure of algorithms in, 990 
     summary of relations to, 10, 863 
     undecidability in, 1138 
Computer simulations 
     see Simulations 
Computerized data taking, 992 
Computers 
     communication between, 1182 
     and definition of intelligence, 822 
     and discoveries in this book, 46 
     free will for, 1135 
     future of, 1196 
     future technology of, 841 
     historical cost of using, 45 
     and history of CAs, 876 
     physical components in, 1195 
     quantum, 1147 
     randomness in, 970 
     and rule-based systems, 860 
     and universality, 642 
     used in creation of book, 854 
Computing 
     causal invariance in distributed, 1035 
     history of, 1107 
     intuition from, 40, 46, 872 
     number representations in, 1070 
     see also Computation 
Concatenation 
     as semigroup operation, 938, 1172 
Concatenation sequences, 913 
     block statistics in, 594 
     continued fractions for, 915 
     difficulty of CAs producing, 1186 
     and pointer-based encoding, 1072 
     sounds from, 1080 
Conchoids (math curves), 875 
Concurrent systems 
     and causal invariance, 1035 
Condensates 
     topological defects in, 1045 
Conditional entropies 
     and texture discrimination, 1077 
Conditional probabilities 
     and Bayes's theorem, 1083 
Cone cells 
     in color vision, 1074 
Cone shells 
     growth of, 414 
     neurotoxins from, 1011 
     patterns on, 423 
Cones 
     in Lorentzian spaces, 1051 
Confinement in QCD, 1061 
Confluence, 1036 
     for combinators, 1122 
     and generalized aggregation rules, 979 
     getting using completion, 1037 
     in multiway systems, 507 
     in symbolic systems, 1113 
     see also Canonical forms 
     see also Church-Rosser property 
Conformal mappings 
     and flatness in growth, 1007 
     and hypergeometric functions, 1092 
     and transformation of biological forms, 1010 
Conformal transformations 
     and gauge invariance, 1045 
Conformations of proteins, 1184 
Congruence 
     in axioms of geometry, 1154 
Conifers 
     branching in, 1004 
Conjugacy 
     in additive systems, 952 
     and CA conservation laws, 1023 
     in iterated maps, 921 
Conjugate systems 
     and reversible cellular automata, 961 
Conjunction 



     as name for And, 1173 
Conjunctions 
     in human languages, 1173 
     starting sentences with, 849 
     as words for logic functions, 1173 
Conjunctive Normal Form (CNF), 1095 
     and resolution method, 1157 
Connected clusters 
     in percolation theory, 983 
Connection Machine computer 
     my use of, 854, 881 
Connections (on fiber bundles), 1045 
Connectives 
     possible Boolean, 806 
     in well-formed formulas, 1150 
Connectivity 
     of branching patterns, 1006 
     in network evolution, 1039 
     of networks, 1029 
Conscious thinking 
     and free will, 1135 
     in visual perception, 582 
Consciousness 
     and quantum theory, 1058, 1063 
     see also Intelligence 
     see also Thinking 
Conservation laws, 458-464 
     in cellular automaton fluids, 379 
     finding in CAs, 1022 
     for particles in 2D CA, 445 
     in PDEs, 923 
     in physics, 1022 
     for quantum probabilities, 1059 
     in three-body problem, 972 
     topological, 1045 
     undecidability of, 1138 
     for vector quantities, 1024 
Conserved quantities 
     from algebraic structures, 1023 
Conserved traits, 395 
Consistency 
     of arithmetic, 1160, 1163 
     of axiom systems, 1168 
     in multiway systems, 797 
Consistency of action 
     and human will, 1136 
Consonants 
     sound of, 1079 
     and soundex system, 1100 
Constancy 
     color, 1074 
Constancy (K) combinator, 1121 
Constants 
     mathematical, 136-144 
     in operator systems, 1169 
Constants of motion 
     in three-body problem, 972 
     see also Conserved quantities 
Constellations 
     patterns of, 583, 1187 
     and SETI, 1189 
Constraints 
     in 1D systems, 940 
     axioms as, 803 
     as basis for uniformity, 354 
     biological schemes for satisfying, 985 
     and concept of purpose, 829, 1185 
     in correspondence systems, 1139 
     Darwinian evolution and, 386 
     defining networks using, 483 
     as determining spacetime networks, 482 
     difficulties in modelling with, 368 
     enumerating cases satisfying, 959 
     and mathematical thinking, 1177 
     vs. mechanisms, 940 
     in multiway systems, 766 
     as NP problems, 1142 
     on operators, 1172 
     PDEs as, 923 
     for periodic behavior in CAs, 954 
     and Principle of Computational Equivalence, 729 
     probability of violating, 343 
     problem of satisfying, 342-351 
     producing complexity with, 351 
     proofs as systems based on, 1157 
     and quasicrystal growth, 994 
     in random systems 
         see Markov random fields 

     rule 30 repetition as, 266 
     satisfied by operators, 805 
     self-assembly and, 1011, 1193 
     systems based on, 210-221 
     undecidability of satisfying, 756 
     and undecidability of tiling, 1139 
Constructibility 
     and intuitionism, 1158 
Constructible reals, 1129 
Constructions 
     of 48-gon, 873 
     vs. computer experiments, 108 
     and purposes, 830 
     rules in geometrical, 875 
     of universal CA, 648, 675 
Constructive proofs 
     and computer experiments, 899 
Consumer electronics 
     use of randomness in, 1192 
     use of statistics in, 1082 
Contact (movie) 
     extraterrestrial contact in, 1190 
Context 
     and recognition of purpose, 830 
     and theories of communication, 1181 
Context-free languages, 939, 1103 
     math notation as, 1182 
     parentheses and, 989 
     patterns generated by, 1091 
     PCP and, 1139 
     pumping lemma for, 944 
     random, 1084 
     rule 184 as recognizing, 1109 
     undecidability in, 1137 
Context-sensitive languages, 939 
Continental drift 
     as non-math theory, 859 
Continued fraction map (Gauss map), 914, 955 
Continued fractions, 143, 914-915 
     and billiard systems, 971 
     computation of, 914 
     and digital slopes, 916 
     and encoding of reals, 1127 
     generalized, 914 
     history of, 915 
     and iterated maps, 919 
     and multiplication systems, 903 
     and Pell equation, 944 
     and phyllotaxis, 411 
     as precursors to my work, 878 
     and quadratic Diophantine equations, 1164 
     and sine curves, 147 
ContinuedFraction, 914 
     see also Continued fractions 
Continuity 
     and axioms of topology, 1155 
     of CA mappings, 869 
     and confusion about Gödel's Theorem, 1132 
     and the continuum, 1127 
     and difficulty of computer experiments, 899 
     discreteness from, 337 
     in genetic programs, 1002 
     in geometry axioms, 1154 
     and mathematical intuition, 925 
     in natural selection and engineering, 394 
     nesting as historical counterexamples in, 934 
     origins of, 327-336, 463-464 
     origins of in fluids, 379 
     and Principle of Computational Equivalence, 729 
     of space, 472 
Continuous cellular automata, 155-160 
     additive, 1092 
     cardinality of, 1128 
     classification of, 948 
     history of, 921 
     implementation of, 921 
     as models of boiling, 994 
     as models of phyllotaxis, 1007 
     and probabilistic rules, 976 
     for quantum mechanics, 1059 
     with random initial conditions, 243 
Continuous computation, 730, 1128 
Continuous functions 
     additivity of, 953 
     cellular automaton maps as, 961 
     evaluation of, 1134 
     number of, 1127 
Continuous models 



     of crystal growth, 993 
     of fracture, 995 
Continuous Pascal's triangle, 922 
Continuous systems 
     and Church's Thesis, 1126 
     vs. discrete systems, 167 
     emulating discrete, 731, 1129 
     isotropy in, 980 
     in physics, 729 
     and undecidability, 1138 
Continuous truth values, 1175 
Continuous variables 
     invention of, 901 
     models with, 368 
Continuum, the, 1127 
Continuum equations 
     see Partial differential equations 
Continuum Hypothesis, 1127 
     in set theory, 1155 
     and truth from incompleteness, 1167 
     unprovability of, 1163 
Continuum limits 
     different forms of, 1023 
     for diffusion equation, 1024 
     of networks, 1030 
Contours 
     in landscapes, 1001 
     in visual perception, 578 
Contractive mappings, 277, 959 
Contradictions 
     and proofs of undecidability, 1137 
     as scheme for proofs, 1177 
Control theory 
     and artificial intelligence, 1099 
     and complex behavior, 841 
     and cybernetics, 862 
     time series in, 1083 
Convection, 1000 
     and history of pattern, 947 
     maze patterns in, 1013 
     patterns of, 377 
     repeatable randomness in, 976 
     repetitive cells in, 988 
     and snowflake development, 372 
Convention in languages, 1181 
Convergence 
     of fractal dimensions, 933 
     of isotropy in finite differences, 980 
     of iterated maps, 918 
     of metric expansion, 1050 
     in multiway systems, 507, 1036 
     in natural selection, 392 
     in negotiation processes, 430 
     of PDE solutions, 924 
     in plant phyllotaxis, 410 
Convergent evolution, 397 
Convergent series 
     as exact solutions, 1133 
Conversation 
     and defining intelligence, 1178 
Convolution 
     in visual perception, 1075, 1076 
     see also ListConvolve 
Convolutional codes 
     and CA encodings, 1119 
Conway, John H. (England/USA, 1937- ) 
     and 2D Turing machines, 930 
     and arithmetic recurrences, 1115 
     and Game of Life, 877, 880, 949 
     and iterated run-length encoding, 905 
     and non-periodic tilings, 943 
     in Preface, xiii 
     and recursive sequences, 907 
     and universality of Life, 1117 
Cook, Matthew (USA, 1970- ) 
     and cyclic tag systems, 895 
     and polyomino tiling, 943 
     in Preface, xii 
     and rule 110, 1115 
Cook, Stephen A. (USA/Canada, 1939- ) 
     and NP completeness, 1143 
Cooking recipes, 1193 
Cooley-Tukey transform, 1074 
Cooperation 
     theories of evolution of, 1104 
Coordinate singularities 
     in general relativity, 1048, 1053 
Coordinates 

     and multiway strings, 1036 
     for network nodes, 478 
Copernican astronomy 
     and extraterrestrial life, 1180 
     and history of gravity, 1047 
     vs. ideas of this book, 844 
Copy operations 
     and Nand expressions, 1096 
Coral 
     as animal artifacts, 1184 
Coral reefs 
     symmetry of, 1187 
Coralbells (plant), 1006 
Córdoba, Great Mosque of, 873 
Core collapse 
     in self-gravitating systems, 1021 
Core memory 
     of early computer, 864 
Cores 
     of elementary particles, 527 
Corn 
     structure of, 385 
Corner-overlapping patterns, 941 
Corners 
     in code 976, 980 
Cornu spiral, 418 
Corollaries 
     defining features of, 1176 
Coronas (in splashes), 988, 1000 
Corpuscular theories, 876, 1024 
Correlation entropy, 959 
Correlations 
     in 2D Ising model, 982 
     and Bell's inequalities, 1064 
     between digits, 902 
     and CA difference patterns, 950 
     in CA evolution, 953 
     in class 3 CAs, 949 
     and defining communication, 827 
     and defining complexity, 1069 
     in DNA sequences, 1184 
     in H theorem, 1020 
     in human languages, 1086 
     in noise with given spectrum, 969 
     and non-standard diffusion processes, 1024 
     in phase transitions, 989 
     in quantum theory, 543 
     in random environments, 304 
     and random networks, 1039 
     in random patterns, 584 
     and randomness tests, 595, 1085 
     and spectra, 587, 1082 
     in stirring and shaking, 969 
     in visual textures, 1078 
     see also ListCorrelate 
Correspondence systems (PCP) 
     NP completeness in, 1145 
     and undecidability, 757, 1139 
Corrugation 
     in ammonite septa, 1008 
     in animal development, 418 
     characteristic shape of, 1183 
     in tissue sheets, 413 
Cortex 
     auditory, 1079 
     sensorimotor, 1099 
     visual, 580 
Cos (cosine) 
     and area of circle on sphere, 1050 
     and Bell's inequalities, 1064 
     and limit of 6j symbols, 1055 
     and logistic map formulas, 1098 
     and nested radicals, 915 
     and tent map, 919 
Cosets 
     and state transition graphs, 963 
Cosh 
     in solution of catenary, 1133 
     in solution of logistic map, 1098 
Cosine transform 
     in data compression, 1070, 1074 
Cosmas (Italy, ~1210 - ~1235) 
     and mosaic patterns, 873 
Cosmati mosaic work, 873 
Cosmic microwave background 
     and alignment of time, 1022 
     as analog of ether, 1042 
     and galaxy formation, 1021 



     and history of gravity, 1048 
     and initial conditions, 1026 
     origin of uniformity of, 1055 
     as source of radio noise, 1187 
Cosmic rays 
     particles produced by, 1044, 1047 
     as possible artifacts, 1187 
Cosmological principle (uniformity of universe), 1055 
Cosmological term (in Einstein equations), 1052 
     and inflationary universe, 1055 
     and vacuum solutions, 1053 
Cosmology 
     and Anthropic Principle, 1185 
     basic issues in, 1055 
     and Einstein equations, 1053 
     and ether in, 1042 
     formation of galaxies in, 1021 
     and history of gravity, 1048 
     my work in, 17, 864 
     network models of, 1056 
     and Second Law, 1020, 1021 
     and simple initial conditions, 1026 
     topological defects in, 1045 
     see also Universe 
Cot (cotangent) 
     and shift map, 919 
Coth 
     continued fraction for, 914 
     and solution of Ising model, 982 
Countable models 
     of operator systems, 1172 
Counter 
     Turing machine acting as, 888 
Counter machines (register machines), 97-102, 896 
Counterfactuals (quantum values), 1064 
Counterpoint 
     rules of musical, 875 
Countries 
     of people in the index, 852 
Coupled map lattices, 155-160, 922 
     see also Continuous cellular automata 
Coupling constants 
     in quantum field theory, 1057 
     and renormalization group, 955 
Coupon collector's test, 1085 
Courant condition (for PDEs), 924 
Covalent forces 
     and virtual electrons, 1060 
Cover 
     of inspirational book, 17, 864 
     of this book, 851 
Covers 
     in Boolean minimization, 1095 
Cow parsley 
     shape of, 385 
Cowe, Russell J. (UK, 1946- ) 
     and shell patterns, 1012 
Cowfish 
     pigmentation pattern of, 426 
Cowrie shells 
     growth of, 415, 1008 
     patterns on, 1012 
CP violation (time reversal violation), 1019 
CPT invariance, 1019 
Crackling 
     in natural radio emissions, 1187 
Cracks 
     nesting of, 988 
     randomness of, 374 
Craters 
     circular shapes of, 1187 
     as landscape elements, 1001 
Creation myths 
     as models, 992 
Creeping flow, 377 
Crete 
     maze at Knossos on, 873 
Criminal law 
     free will in, 1135 
Crinkling 
     patterns of, 996 
Critical exponent 
     in 2D Ising model, 982 
Critical pairs 
     in completion algorithms, 1037 
Critical phenomena 
     and nesting, 989 
     and phase transitions, 981 

     and scale invariance, 955 
Crossovers 
     in genetics, 970 
Crosstalk 
     and Walsh functions, 1073 
Crowds 
     motion of people in, 1014 
Crumpling 
     patterns of, 996 
Crushing (of solids), 995 
     nesting in, 988 
     and sphere packing, 986 
Crust (of Earth) 
     and origin of life, 1179 
     patterns on, 1001 
Crutchfield, James P. (USA, 1955- ) 
     and Markov models, 1084 
     in Preface, xiii 
Cryptanalysis 
     of additive cellular automata, 601 
     and dead languages, 1185 
     and defining randomness, 1068 
     history of, 1086 
     and history of computing, 1107 
     of linear congruential generators, 1089 
     and meaning of programs, 1183 
     and rule 30 NP completeness, 770 
     of shift registers, 1087 
     of Vigenère ciphers, 599 
Cryptography, 598-606 
     as application of randomness, 1192 
     and defining randomness, 1068 
     with digit sequences, 1089 
     electronic randomness for, 968 
     as example of technology, 840 
     and hashing, 1100 
     history of, 1085 
     and history of complexity, 49 
     as process based on rules, 875 
     quantum, 1058 
     random keys for, 970 
     and recognizing meaning, 827 
     and shift registers, 878, 1086 
Crystal growth, 369-373 
     history of, 993 
     models of, 993 
Crystal lattices 
     systems on, 169, 929 
Crystals 
     as artificial-looking, 828 
     Brillouin zones in, 988 
     diffraction patterns in, 1082 
     effect of seeds on, 992 
     formation as phase transition, 983 
     fracture in, 374 
     hopper, 993 
     lack of continuum limit for, 327 
     as not artifacts, 1183 
     randomness in shapes of, 373 
     as self-organizing systems, 824 
     shapes of, 929 
     trivalent network and, 1030 
Csc (cosecant) 
     and Moire patterns, 1078 
Cube-free sequences, 944 
     Thue-Morse and, 890 
Cube network, 476 
     transformed to tetrahedron, 1038 
Cube roots 
     and Cantor set generating function, 1092 
     digits of, 141 
Cubes 
     equations involving sums of, 945 
     produced by CAs, 1186 
Cubic equations 
     and computational reducibility, 1132 
     Diophantine, 1164 
     as exactly soluble, 1133 
     iterative solutions to, 1101 
     size of solutions to, 945 
Cubic graphs 
     see Networks, trivalent 
Cubic lattices 
     cellular automata on, 182 
     class 4 rules on, 949 
     as crystal lattices, 929 
     random walks on, 977 
     Voronoi diagrams for, 987 



Cuboid 
     and 3D cellular automata, 927 
Cucumber leaves, 1006 
Cultural relativism 
     not connected to relativity, 1042 
Culture 
     and character of perception, 635 
     and defining intelligence, 1178 
     and recognizing intelligence, 825 
     and response to events, 827 
Curie point 
     in Ising model, 981 
Curl 
     and vector potential, 1045 
Curry, Haskell B. (USA, 1900-1982) 
     and combinators, 898 
Currying 
     and combinators, 1122 
     of function arguments, 896 
Curvature 
     of curves, 1049 
     curves defined by, 418, 1009 
     in differential geometry, 1048 
     of fronts in crystal growth, 993 
     gauge fields as, 1045 
     of growing tissue, 1007 
     higher-dimensional, 1009 
     in non-integer dimensions, 1051 
     in plant growth, 412 
     in rivers, 1001 
     singularities in, 1053 
Curves 
     curvature of, 1049 
     Lissajous, 917 
     mathematical, 145-148 
     space-filling, 893 
Cusps 
     in light caustics, 984 
Custering 
     in 2D cellular automata, 877 
Cut elimination in proofs, 1155 
Cuttlefish 
     communication by, 1181 
     pigmentation pattern of, 426 
Cybernetics 
     and biology, 1004 
     and computational irreducibility, 1132 
     and definition of complexity, 1068 
     and free will for machines, 1135 
     history of, 862 
     and models of thinking, 1099 
     as precursor to my work, 879 
     and self-reproduction, 1179 
     summary of relations to, 14 
Cycles 
     in attractors, 958 
     longest in networks, 1029, 1031 
     in random networks, 963 
     and repetition periods, 950 
     in shift rules, 963 
     shortest in networks, 1029 
     in state transition graphs, 961 
Cyclic 
     see Repetitive 
Cyclic addition systems, 255, 950 
     state transition graphs for, 961 
Cyclic boundary conditions 
     in CA implementation, 866 
     periods in CAs with, 950 
Cyclic groups 
     decomposition into, 1172 
Cyclic multiplication, 257, 950 
     state transition graphs for, 961 
Cyclic negation 
     in multivalued logic, 1175 
Cyclic shift instructions, 951 
Cyclic subgroups 
     and nested patterns, 956 
Cyclic tag systems, 95 
     emulated by rule 110, 678 
     emulated by tag systems, 1113 
     emulating cellular automata, 668 
     emulating tag systems, 669, 1116 
     generalizations of, 895 
     implementation of, 895 
     mechanical version of, 895 
     and pointer-based encoding, 1071 
     random initial conditions in, 949 

     randomness generation in, 920 
     vs. shift registers, 1088 
Cyclones (in weather), 1178 
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     and Origin of Species, 1001 
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     see also Natural selection 
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     information content of, 1181 
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     history of, 1069 
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     practicalities of, 1069 
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Data Encryption Standard (DES), 1085 
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     and history of computing, 1107 
Data structures 
     and network systems, 936 
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     and causal invariance, 1035 
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     conventions for in book, 851 
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     and wave-particle duality, 1056 
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     in randomness generators, 303 
Deadlocks 
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     intuition from, 872 
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     see also Undecidability 
Decimal numbers, 116 
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Decimation 
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     and self-similarity in rule 90, 870 
Decimation systems, 909 
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Decision making 
     and game theory, 1104 
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Decompilers, 1184 
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Deutsch, David (England, 1953- ) 
     in Preface, xiii 
     and quantum computers, 1147 
Development (in biology), 400-428 
     see also Growth 
Developmental constraints 
     on forms of organisms, 387 
Developmental pathways 
     invariance of in evolution, 395 
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     and atomism, 876 
     averaging out of, 327 
     in computer programs, 976 
     in models vs. continuous, 368 
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Divisibility 
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     and cycles in shift rules, 963 
     distribution of, 909 
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     and brain function, 1099 
     from cone shells, 1011 
     origins of current, 1194 
     random trials of, 1192 
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     theories of based on space, 1028 
     as ultimate constituents, 1024 
     and virtual photons, 1060 
Electromagnetic radiation 
     and information transmission, 1069 
Electromagnetic signals 
     see Radio signals 
Electromechanical machines 
     as computers, 1107 
     and finite automata, 958 
Electron diffraction 
     and visualizing fracture, 995 
Electron levels 
     in nested potentials, 1081 
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     and lack of universality, 734 
     and local constraints, 213 
     and mechanical engineering, 829 
     in mobile automata, 72 
     in numbers, 988 
     origins of, 354-356 
     in ornamental art, 872 
     in PDEs, 988 
     and Poincaré recurrence, 1022 
     and Principle of Computational Equivalence, 722 
     recognizing visually, 582 
     in rule 30, 268, 700 
     in rule 250, 25 
     in sorting networks, 1142 
     structures with 
         see Localized structures 
     in three-body problem, 972 
     in Turing machines, 79 
     in whale songs, 1180 
Repetitive initial conditions, 266, 954 
     and CA cryptography, 1087 
     perturbations in, 701 
Repetitive sequences 
     block frequencies in, 1084 
     as initial conditions, 266 
     shortest programs for, 1186 
ReplaceAll (/.) 
     basic examples of, 854 
     in implementing CAs, 867 
     and network evolution, 1038 
     and symbolic systems, 896 
ReplaceList 
     and multiway systems, 937 
     and multiway tag systems, 1141 
     and traversing networks, 957 
Replacements 
     for networks, 509 
     order of, 894 



         see also Order of updates 
     for strings 
         see Sequential substitution systems 
ReplacePart 
     basic example of, 853 
     and initial conditions, 865 
ReplaceRepeated (//.) 
     and symbolic systems, 898 
     and undecidability, 1138 
Representation 
     and communication, 631 
     and definition of meaning, 827 
Representation of numbers, 142 
     for data compression, 560 
     with Egyptian fractions, 915 
     as nested radicals, 915 
     as operator trees, 916 
     see also Bases (number) 
     see also Continued fractions 
     see also Digit sequences 
Representations 
     of Boolean algebra, 1171 
     of operator systems, 805 
Representing 
     see Emulation 
Reproduction 
     see Self-reproduction 
Reproduction curves 
     and iterated maps, 918 
Reptiles 
     color vision in, 1075 
Reptiles (nested tilings), 932 
Resistors 
     1/f noise in, 969 
     and on-chip randomness, 970 
Resolution 
     of printed pictures in book, 852 
Resolution theorem proving, 1157 
Resonant scattering 
     and 3-body problem, 973 
Responsibility 
     and free will, 1135, 1136 
Responsiveness 
     as definition of life, 823 
Rest (rest of list) 
     basic example of, 853 
Resultant 
     and CAD in real algebra, 1154 
Retail store utilization 
     and Voronoi diagrams, 987 
Retina (of eye) 
     pattern of cells in, 1007 
     structure of, 1075 
     and visual perception, 577 
Retinoic acid 
     in embryo development, 1009 
Return maps 
     and history of iterated maps, 918 
     and recognizing chaos, 972 
Reversal 
     of digit sequences, 905 
Reversal-addition systems, 125-127, 905 
Reverse engineering, 1184 
Reverse evolution 
     backtracking in CA, 1089 
Reverse mathematics, 1167 
Reverse Polish notation, 896 
Reversibility, 435-441 
     of CAs at an angle, 1017 
     in causal networks, 495 
     of cellular automata 
         see Reversible cellular automata 
     of computation, 1018 
     in evolution of networks, 1040 
     in mappings, 960 
     in mobile automata, 1018 
     in multiway systems, 1018 
     and phase transitions, 983 
     and quantum computers, 1147 
     and quantum measurement, 542 
     in systems based on numbers, 1018 
     testing cellular automata for, 1017 
     and thermodynamic irreversibility, 442 
     undecidability of, 1138 
     see also Irreversibility 
Reversible 3n+1 problem, 905 
Reversible cellular automata, 436-441 
     block, 460 

     classification of, 1018 
     and dynamical systems theory, 961 
     emulated by ordinary CAs, 1018 
     history of, 1018 
     implementing, 1017 
     inverse rules for, 1017 
     and irreversible behavior, 452 
     from multiplication, 1093 
     number of, 1017 
     testing for, 1017, 1017' 
     testing for 2D, 1017 
     and texture generation, 1078 
     three-color, 436 
Reversible logic, 1097 
     and quantum computers, 1147 
Reviews of Modern Physics 
     my CA paper in, 880 
Rewrite systems 
     and history of universality, 1110 
     for networks, 198, 508 
     sequential substitution systems as, 88, 894 
     see also Multiway systems 
     see also Sequential substitution systems 
Reynolds, Osborne (Ireland/England, 1842-1912) 
     and Reynolds numbers, 996 
Reynolds numbers, 376, 380, 996 
Rhombic dodecahedron, 929, 987 
Rhombo-hexagonal dodecahedron, 930 
Rhymes 
     rules for in poetry, 875 
     in whale songs, 1180 
Rhythm 
     rules for, 875 
Ribbets 
     as sound of Cantor set, 586 
Ribosomes, 1193 
Ricci scalar curvature, 533 
     and constraints on tissue growth, 1010 
     and discretization of space, 1051 
     in expansion of metric, 1050 
     and volumes of spheres, 1050 
Ricci tensor, 534 
     and Einstein equations, 1052 
     implementation of, 1049 
     for spacetime, 534 
Rice, Henry G. (USA, 1920- ) 
     and Rice's theorem, 1137 
Richardson, Lewis F. (England/Scotland, 1881-1953) 
     and fluid turbulence, 997 
Richat structure 
     circular shape of, 1187 
Ricker, William E. (Canada, 1908-2001) 
     and iterated map for fish populations, 918 
Riemann, G. F. Bernhard (Germany, 1826-1866) 
     and discrete space, 1027 
     and distribution of primes, 918 
     and nested curves, 934 
     and Riemann tensor, 1049 
Riemann Hypothesis 
     and curve of zeta function, 148 
     and density of primes, 909 
     as Diophantine equation, 1161 
Riemann mapping theorem 
     and growth shapes, 1010 
Riemann tensor, 1049 
     difficulties with in networks, 1051 
     as form of curvature, 536 
     implementation of, 1049 
Riemann zeta function, 148, 918 
     see also Zeta 
Riemannian spaces, 1048 
RiemannSiegelZ, 918 
     curve of, 148 
Riemann-Siegel formula, 1134 
Riesz, Frigyes (Hungary, 1880-1956) 
     and Riesz products, 1081 
Riesz products, 1081 
Rigid bodies 
     and analogy to quantum mechanics, 1059 
Rigid rods 
     networks made from, 1031 
Ring theory, 1153 
     axioms for, 773 
     and generalizing numbers, 1168 
     universality of, 784, 1159 
Ringoids, 1171 
Riots 
     instabilities in, 1014 



Ripples 
     on ocean surfaces, 1001 
     as repetitive behavior, 988 
Risch structure theorem, 1177 
Rise time 
     of sounds, 1079 
Risk 
     in financial systems, 1015 
Risk functions 
     in parameter estimation, 1083 
Rivers 
     and landscape structure, 1001 
     as showing nesting, 359, 988 
RNA 
     and definition of life, 1178 
     and origin of life, 1179 
RNGs 
     see Random number generators 
Road traffic 
     1/f noise in, 969 
     flow instabilities in, 1014 
Roads 
     straight visible from space, 1187 
Robbins, Herbert E. (USA, 1915-2001) 
     and axioms for logic, 1151 
Robbins axioms (for logic), 773, 1151, 1174 
     in terms of Nand, 808 
Robinson, Abraham (England/Israel/USA, 1918-1974) 
     and non-standard analysis, 1172 
Robinson, J. Alan (USA, 1930- ) 
     and resolution theorem proving, 1157 
Robinson, Julia B. (USA, 1919-1985) 
     and axioms for arithmetic, 1152 
     and Diophantine equations, 1161 
     and encodings of arithmetic, 1163 
     in Preface, xiii 
     and undecidability of field theory, 1160 
Robinson, Raphael M. (USA, 1911-1995) 
     and axioms for arithmetic, 1152 
     and non-periodic tilings, 943 
     in Preface, xiii 
Robinson arithmetic 
     axioms for, 773 
     incompleteness in, 800 
     universality in, 1152 
     unprovable statements in, 1169 
Robotics 
     and history of complexity, 862 
     linkages in, 1129 
     and mobile turtles, 930 
Robots 
     in fiction vs. humans, 629 
     free will for, 1135 
Robust statistics, 1083 
Robustness 
     in biology from randomness, 1002 
     from randomness, 1192 
     of software and complexity, 1069 
Rock, Paper, Scissors game, 1105 
Rock carvings 
     recognition of art in, 874 
Rocks 
     as computationally equivalent to humans, 1196 
     crushing of, 988, 995 
     patterns of in landscapes, 1001 
     shaped by wind, 1183 
Rogozhin, Yurii (Moldova, 1949- ) 
     and Turing machines, 1119 
Rolling of objects, as generating randomness, 305 
Roman architecture 
     and nesting, 874 
Roman art, 43, 873 
Roman law 
     and free will, 1135 
Roman military drill, 875 
Roman number system, 1182 
Roman numerals, 902 
Roman religions 
     and animism, 1195 
Romberg integration, 1134 
Rome (Italy) 
     mosaics in, 872 
Root (polynomial root) 
     and continued fractions, 914 
     and entropies of CAs, 958 
     and fractal dimensions for additive rules, 956 
     and generalized special functions, 1092 
     and hard hexagon model, 959 

     and linkages, 1129 
     and origin of group theory, 1153 
Root finding 
     attractor basins in, 1101 
     and iterated maps, 918 
     see also Newton's method 
Root vectors 
     and sphere packings, 987 
Roots 
     linguistic, 1100 
Rope 
     nesting in, 874, 1183 
Rose window 
     of Lincoln cathedral, 873 
Rosen, Nathan (USA/Israel, 1909-1995) 
     and EPR experiment, 1058 
Rosenblatt, Frank (USA, 1928-1971) 
     and perceptrons, 1099 
Rosenblueth, Arturo (Mexico, 1900-1970) 
     and reaction-diffusion, 1013 
Rosetta stone, 1185 
Rosette patterns, 873 
     in four-color printing, 1078 
RoShamBo game, 1105 
RotateLeft 
     basic example of, 853 
     in CA evolution, 865 
Rotating vacuum solution to Einstein equations, 1053 
Rotation 
     absolute definition of, 1047 
     particle production in, 1062 
Rotation group 
     and spin, 1046 
     and spin networks, 1055 
Rotational symmetry 
     in cellular automaton rules, 928 
     see also Isotropy 
     see also Symmetry 
Roth, Klaus F. (England, 1925- ) 
     and rational approximations, 915 
Rotor machines 
     for cryptography, 1085 
Roughness 
     in aggregation systems, 978 
     of crystal surfaces, 993 
     effect on splashes of, 1000 
     effects of microscopic, 996 
     in fracture surfaces, 994 
     in random walk boundaries, 977 
     and randomness from initial conditions, 305 
     of surfaces, 1077 
     of surfaces and repeatable randomness, 976 
Roulette 
     randomness in, 306, 968, 969 
Roundoff errors 
     and chaos experiments, 919 
     and continuous CAs, 921 
     in molecular dynamics, 864 
     see also Numerical analysis 
Routing in networks, 1192 
RSA cryptography, 1086, 1090 
Rucker, Rudy v. B. (USA, 1946- ) 
     and 2D Turing machines, 930 
     in Preface, xiii 
Rugs 
     and 2D cellular automata, 929 
Rule 
     basic examples of, 854 
Rule 0 
     block emulation of, 702 
     as having simple behavior, 57 
     with random initial conditions, 224 
Rule 1 
     as first rule with period 2, 1186 
Rule 2 
     as having simple behavior, 57 
Rule 3 
     half-speed growth in, 57 
Rule 4 
     attractor for, 275 
     as first rule with period 1, 1186 
     as having simple behavior, 57 
     as not universal, 694 
     with random initial conditions, 225 
     as statistical test, 597 
Rule 7 
     conserved quantities in, 1022 
     as having simple behavior, 57 



Rule 12 
     conserved quantities in, 1022 
Rule 14 
     as not universal, 695 
Rule 15 
     block emulation of, 702 
     as reversible system, 436 
Rule 18 
     nested domains in, 360 
     repetitive behavior in, 954 
     spacetime entropy for, 960 
     temporal sequences in, 960 
Rule 22 
     algebraic form for, 947 
     attractor network sizes in, 958 
     block emulations in, 702 
     density in, 947, 951 
     evolution of density in, 265 
     and Game of Life, 965 
     initial conditions giving randomness in, 951 
     Lyapunov exponent in, 949 
     nested pattern from, 58 
     nesting and randomness in, 263 
     probabilistic estimates in, 953 
     with random initial conditions, 227 
     sensitive dependence in, 251 
     sources of randomness compared in, 262 
     spacetime entropy for, 960 
Rule 30 
     adjacent columns in, 1087 
     algebraic form for, 869 
     as algorithm from search, 1193 
     as analogy for quantum measurement, 1063 
     asymmetry of, 29 
     attractors in, 280 
     averaging of pattern from, 353 
     backtracking tree for, 1089 
     block frequencies in center column of, 594 
     blocks in pattern from, 569, 725, 871, 1127 
     Boolean form for, 616, 869 
     center column of, 871 
     compression of pattern from, 562 
     and computational irreducibility, 745 
     conserved quantities in, 1022 
     cryptography with, 603, 1087 
     density in, 947, 953 
     diagonal stripes in, 871 
     directional reversibility in, 1017 
     directional sampling in, 1087 
     effect of perturbations in, 325 
     efficient implementation of center column, 871 
     emulated by mobile automaton, 664 
     emulated by substitution system, 666 
     emulated by symbolic system, 668 
     emulated by tag system, 667 
     emulated by Turing machine, 665 
     emulated by universal CA, 647 
     emulated by WireWorld, 1117 
     emulating logical functions, 704 
     emulating rule for rule 90, 703 
     encoded as integer equation, 1160 
     on endpapers of book, 851 
     as example of art hard to recognize, 874 
     examples from CellularAutomaton, 868 
     and extraterrestrial signals, 836 
     finite-size behavior of, 259, 963, 1088 
     as generator of hash codes, 1100 
     history of, 112, 880, 882 
     initial condition sequence for, 324 
     intrinsic randomness generation in, 315 
     inversion of, 1087, 1147 
     localized structures in, 700 
     Lyapunov exponent in, 949 
     mapping for, 870 
     mixing of initial conditions in, 976 
     as not showing purpose, 830 
     and NP completeness, 770, 1090 
     numbers of cells in picture of, 874 
     one-sided additivity of, 604 
     and P completeness, 1149 
     pattern forced by constraints, 221 
     patterns on repetitive backgrounds, 700 
     periods in limited regions, 260, 951 
     as practical randomness generator, 975 
     predecessors in, 1087, 1147 
     probabilistic density estimates in, 953 
     probabilistic version of, 976 
     PSPACE completeness of periods in, 1147 

     purpose of, 1185 
     and Random, 317 
     with random initial conditions, 227 
     and randomness tests, 1085 
     reactions of scientists to, 872 
     repetition of columns in, 1087 
     repetitive behavior in, 267, 954 
     sensitive dependence in, 251 
     with shift-register boundary conditions, 1088 
     sideways evolution of, 604 
     simple behavior in, 266 
     from single cell, 27, 59 
     sizes of BDDs for, 1097 
     slow growth in, 1118 
     sources of randomness in, 261 
     spectrum of, 1082 
     square root of, 956 
     state transition graph for, 963 
     as surjective CA, 959 
     technological applications of, 843 
     temporal sequences in, 960 
     tiling based on, 943 
     tiling generating pattern of, 221 
     triangles in pattern of, 871 
     universality of, 734 
Rule 32 
     entropy in, 958 
Rule 37R 
     as candidate for universality, 692 
     localized structures in, 440 
     period of cycles in, 1022 
     properties of, 1018 
     radiation from, 456 
     repetition period for, 457 
     as violating Second Law, 453 
Rule 41 
     block emulations in, 702 
     localized structures in, 1118 
     spectrum of, 1082 
Rule 45 
     with alternating steps reversed, 885 
     block emulations in, 702 
     cryptography with, 1087 
     finite-size behavior of, 963, 1088 
     in limited regions, 260, 951 
     localized structures in, 701 
     Lyapunov exponent in, 949, 1088 
     nesting in, 701 
     periods in limited regions, 260 
     properties of pattern, 885 
     as randomness generator, 976 
     repetitive behavior in, 954 
     from single cell, 59 
     state transition graph for, 963 
     as surjective CA, 959 
     temporal sequences in, 960 
Rule 48 
     block emulation of, 702 
Rule 50 
     block emulation of, 702 
     generating repetitive pattern, 57 
     repetitive behavior in, 954 
     repetitive domains in, 356 
Rule 51 
     block emulation of, 702 
     as complement rule, 883 
     as not universal, 694 
     as reversible system, 435 
Rule 54 
     block emulations in, 702, 1118 
     as candidate for universality, 696 
     enumeration of initial conditions for, 697 
     excluded blocks in, 958 
     localized structures in, 696 
     from random initial conditions, 696 
     repetitive domains in, 356 
     spacetime entropy for, 960 
     spectrum of, 1082 
Rule 56 
     conserved quantities in, 1022 
Rule 57 
     as first rule with period 3, 1186 
     as statistical test, 597 
Rule 60 
     algebraic analysis of, 951 
     and computational reducibility, 744 
     and cryptography, 600 
     as difference table generator, 1091 



     emulated by TMs, 1119 
     finite-size behavior of, 963 
     firing squad problem and, 1035 
     formula for pattern from, 608 
     generating function for, 1091 
     from iterated bitwise operations, 906 
     with math functions as initial conditions, 1091 
     methods for generating pattern from, 931 
     with nested initial conditions, 1091 
     nested pattern from, 58 
     pattern forced by constraints, 220 
     pattern generated by substitution system, 187 
     periods in limited regions, 951 
     reachable states in, 963 
     related to TM 596440, 1120 
     sequential analog of, 1034 
     and shift registers, 974 
     and similarity of rules to rule 110, 872 
     sounds from, 1080 
     state transition graph for, 963 
     as statistical test, 597 
     temporal sequences in, 960 
     tiling generating pattern of, 220 
     see also Additive cellular automata 
     see also Rule 90 
     see also Sierpinski pattern 
Rule 62 
     enumerating multiples of 3, 641 
     as not universal, 695 
     repetitive domains in, 356 
Rule 67R 
     irregular growth in, 1018 
     pattern produced by, 438 
Rule 73 
     with alternating steps reversed, 885 
     as candidate for universality, 699 
     conserved quantities in, 1022 
     density oscillations in, 954 
     information transmission in, 699 
     localized structures in, 700 
     properties of pattern, 885 
     from random initial conditions, 699 
     from single cell, 59 
     unbounded growth in, 700, 1118 
     walls in, 699 
Rule 85 
     as reversible system, 436 
Rule 86 
     sizes of BDDs for, 1097 
Rule 90 
     as additive rule, 952 
     algebraic analysis of, 951 
     attractors in, 280 
     backtracking tree for, 1089 
     block emulation of, 702 
     blocking transformations in, 270 
     Boolean form for, 869 
     Boolean function for, 616 
     compression of pattern from, 562 
     conserved quantities in, 1022 
     in Cosmati mosaics, 873 
     density in, 953 
     directional reversibility in, 1017 
     effect of perturbations in, 325 
     emulated by mobile automaton, 664 
     emulated by rule 45, 701 
     emulated by rule 126, 269 
     emulated by substitution system, 666 
     emulated by symbolic system, 668 
     emulated by tag system, 667 
     emulated by Turing machine, 665 
     emulated by universal CA, 646 
     emulated by WireWorld, 1117 
     emulation of by itself, 270 
     evolution of density in, 265 
     finite automaton for pattern in, 609 
     finite-size behavior of, 259, 963 
     formula for pattern in, 610 
     fractal dimension of pattern, 870 
     fractal pattern in, 25, 270 
     generating function for, 1091 
     history of in my work, 880 
     and linear feedback shift registers, 877 
     mapping for, 870 
     nested initial conditions for, 956 
     nested pattern in, 25, 270 
     network in pattern of, 197 
     as not universal, 695 

     as origin of nested patterns, 358 
     origin of self-similarity in, 270 
     periods in limited regions, 260 
     probabilistic density estimates in, 953 
     probabilistic version of, 976 
     random initial conditions for, 265 
     repetitive behavior in, 954 
     rule for emulated by rule 30, 703 
     sequential analog of, 1034 
     sizes of BDDs for, 1097 
     sources of randomness in, 264 
     spacetime entropy for, 960 
     state transition graph for, 963 
     striped patterns in, 870 
     substitution system for pattern in, 609 
     as surjective CA, 959 
     technological applications of, 843 
     temporal sequences in, 960 
     two-dimensional analog of, 1092 
     vs. Ulam systems, 929 
     see also Additive cellular automata 
     see also Rule 60 
     see also Sierpinski pattern 
Rule 90R 
     nesting in, 1018 
     pattern produced by, 438 
     and reversible behavior, 452 
     and spacetime symmetry, 485 
Rule 94 
     block emulations in, 702 
     compression of pattern from, 562 
     and difficulty in deducing rules from behavior, 467 
     as generating even numbers, 641 
     nesting and randomness in, 951 
Rule 102 
     and rule 110, 872 
Rule 103 
     half-speed growth in, 57 
     as rule with simple behavior, 57 
Rule 105 
     Boolean formula for iterations of, 1096 
     nested pattern in, 58 
Rule 107 
     Nand expression for, 1097 
Rule 108 
     attractors in, 278, 958 
     as not universal, 694 
     with random initial conditions, 225 
Rule 109 
     generating repetitive pattern, 57 
Rule 110 
     algebraic form for, 869 
     annihilation of structures in, 359 
     approximate nesting in, 359 
     attractors in, 279, 958 
     axiom system for, 1168 
     background in, 291, 964 
     block emulations in, 702 
     Boolean form for, 869 
     character of universality proof of, 1156 
     collisions of structures in, 294 
     and computational irreducibility, 746 
     conserved quantities in, 964, 1022 
     constructions in, 681 
     in cover image, 851 
     density with random initial conditions, 947 
     domains in, 356 
     emulated by combinators, 713 
     emulated by integer equation, 785, 1161 
     emulated by TM, 707, 1119 
     emulated by WireWorld, 1117 
     and extraterrestrials, 839 
     finite-size behavior of, 963 
     in limited regions, 260, 1088 
     mapping for, 870 
     my first work on, 881 
     and P completeness, 1149 
     periods in limited regions, 260 
     persistent structures in, 292, 964 
     phases of background in, 990 
     and Principle of Computational Equivalence, 718 
     from random initial conditions, 229, 290, 677 
     reactions of scientists to, 872 
     regular expression for, 957 
     repetitive behavior in, 954 
     as showing purpose, 830 
     and similarity of rules to rule 60, 872 
     from single cell, 32-39 



     sizes of BDDs for, 1097 
     spectrum of, 1082 
     state transition graph for, 963 
     and technology, 841 
     typical behavior of, 676 
     universality of, 675-691 
     and word problem for groups, 1141 
Rule 121 
     Nand expression for, 1097 
Rule 122R 
     different initial conditions in, 451 
     as example of thermodynamic behavior, 442 
Rule 123 
     as rule with simple behavior, 57 
Rule 124 
     as variant of rule 110, 693 
Rule 126 
     algebraic form for, 947 
     attractors in, 279, 958 
     blocks in evolution of, 278 
     density evolution in, 953 
     density with random initial conditions, 947 
     emulating rule 90, 269 
     entropy of, 958 
     excluded blocks in, 958 
     Lyapunov exponent in, 949 
     with random initial conditions, 226 
     regular expression for, 957 
     repetitive behavior in, 267 
     sensitive dependence in, 251 
     spectrum of, 1082 
Rule 127 
     as rule with simple behavior, 57 
Rule 128 
     attractors in, 277, 958 
     block emulation of, 702 
     as rule with simple behavior, 57 
Rule 129 
     enumerating powers of 2, 641 
     nested pattern in, 58 
Rule 132 
     attractors in, 278, 958 
     computing parity with, 638 
     finite-size behavior of, 962 
     and regular languages, 1109 
     state transition graph for, 962 
Rule 136 
     block emulation of, 702 
Rule 137 
     as variant of rule 110, 693 
Rule 144 
     computations done by, 1109 
Rule 146 
     block emulation of, 702 
     invariant states in, 348 
Rule 148 
     block emulation of, 702 
Rule 150 
     as additive rule, 952 
     blocking transformations in, 271 
     conserved quantities in, 1023 
     density with random initial conditions, 947 
     finite automaton for pattern in, 609 
     formula for iterations of, 1096 
     formula for pattern in, 610 
     generating function for, 1091 
     local conservation laws in, 1023 
     nested pattern in, 58, 271 
     as not universal, 695 
     as origin of nested patterns, 358 
     origin of nesting in, 271 
     properties of pattern from, 885 
     with random initial conditions, 227 
     represented by Nands, 1096 
     as rule for code 976 interface, 980 
     spacetime entropy for, 960 
     substitution system for pattern in, 609 
     as surjective CA, 959 
     two-dimensional analog of, 1092 
     see also Additive cellular automata 
Rule 150R 
     fractal dimension of, 1018 
     generating function for, 1018 
     nested pattern in, 439 
     and spacetime symmetry, 485 
Rule 152 
     computations done by, 1109 
Rule 154R 

     pattern produced by, 439 
     properties of, 1018 
Rule 160 
     attractors in, 278, 958 
     with random initial conditions, 224 
Rule 170 
     block emulation of, 702 
     conservation of density in, 458 
     finite-size behavior of, 963 
     local conservation laws in, 1023 
     mapping for, 870 
     as reversible system, 436 
     as shift rule, 883 
     state transition graph for, 963 
     see also Shift map 
Rule 172 
     conserved quantities in, 1022 
Rule 173R 
     nesting in, 1018 
     pattern produced by, 438 
Rule 176 
     block emulation of, 702 
Rule 182 
     algebraic form for, 947 
     density with random initial conditions, 947 
     with random initial conditions, 227 
Rule 184 
     attractors in, 278, 958 
     and block emulations, 702 
     blocking transformations in, 271 
     computation done by, 1109 
     conservation of density in, 458 
     and context-free languages, 1109 
     local conservation laws in, 1023 
     nested initial conditions for, 272 
     nested patterns in, 272, 359 
     and nesting in phase transitions, 989 
     as not universal, 695 
     phase transition in, 338 
     and sandpile models, 990 
     as statistical test, 597 
Rule 188 
     and computational reducibility, 744 
Rule 190 
     enumerating multiples of 4, 641 
Rule 192 
     block emulation of, 702 
Rule 193 
     as variant of rule 110, 693 
Rule 204 
     block emulation of, 702 
     conservation of density in, 458 
     as identity rule, 883 
     as reversible system, 436 
Rule 214R 
     randomness in, 439 
     symmetry between past and future in, 437 
Rule 218 
     different behavior in, 952 
     with random initial conditions, 225 
Rule 225 
     as analog of fluid turbulence, 382 
     nested pattern in, 58 
     nesting and randomness in, 951 
     properties of pattern from, 885 
Rule 232 
     with random initial conditions, 225 
     spectrum of, 1082 
Rule 236 
     density evolution in, 953 
Rule 238 
     block emulation of, 702 
Rule 240 
     block emulation of, 702 
     as reversible system, 436 
     as shift rule, 883 
Rule 250 
     algebraic form for, 869 
     backtracking tree for, 1089 
     Boolean form for, 869 
     mapping for, 870 
     as not universal, 694 
     Or additivity of, 952 
     as producing checkerboard, 25 
     with random initial conditions, 224 
Rule 254 
     algebraic form for, 869 
     backtracking tree for, 1089 



     as basic example of CA, 24 
     Boolean form for, 616, 869 
     emulated by universal CA, 645 
     finite-size behavior of, 962 
     as having a purpose, 831 
     invariant states in, 348 
     as irreversible system, 435 
     mapping for, 870 
     Nand expression for, 1097 
     with random initial conditions, 224 
     sizes of BDDs for, 1097 
     state transition graph for, 962 
Rule 255 
     attractor for, 275 
     as rule with simple behavior, 57 
Rule equivalences, 883 
Rule numbers 
     for general cellular automata, 927 
     for operator systems, 1170 
     for Turing machines, 888 
Ruler-and-compass constructions, 1129, 1137 
Rules 
     and axioms, 1150 
     for cellular automata, 24 
     elementary 
         see Elementary cellular automata 
     growth totalistic, 928 
     history of concept of, 874 
     in Mathematica, 627, 854, 1103 
     parameter space of, 948 
     totalistic, 60 
     see also Programs 
Rules of inference 
     and structure of proofs, 1155 
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     locality in, 518 
     and matter, 474, 1028 
     and motion of particles, 529 
     with negative curvature, 1049 
     as a network, 475-480, 530-537 
     as stable background, 517 
     in ultimate theory of physics, 468, 472-486, 516-524 
     see also Geometry 
Space (outer) 
     features of Earth from, 835, 1187 
Space complexity, 1142 
Space-filling curves 
     and the continuum, 1127 
     and defining dimension, 1030 
     and image compression, 1072 
     parametrization of, 935 
     and paths of caterpillars, 1011 
     and storage of strings, 1101 
     and substitution systems, 893 
Space groups, 929 
Space networks, 475-480 
     evolution of, 508-515 
Spacecraft 
     complex trajectories for, 1183 
     as first contact with extraterrestrials, 1190 
     and general relativity, 1048 
     landings on Moon of, 1180 
     plaques on, 1190 
     self-reproducing, 876 
     supposed sightings of alien, 1180 
Spacefiller (in Game of Life), 965 
Spacelike hypersurfaces, 1041 
     and initial value general relativity, 1053 
Spacelike slices, 1041 
     in causal networks, 516 
Spaceship gun (in Game of Life), 965 
Spaceships (in Game of Life), 964 
     and emulating Nand, 1117 
Spacetime 
     curvature in, 534 
     see also Gravity 
     see also Space 
Spacetime code, 1027 
Spacetime entropies, 960 
     and repetitive behavior, 954 
     and rule 30 encryption, 1087 
Spacings 
     of random matrix eigenvalues, 977 
     of zeros in sine functions, 917 
     of zeros in zeta function, 918 
Spain 
     ornamental art in, 873, 874 
Spanning trees 
     and drainage patterns, 1001 
Sparks 
     as source of randomness, 302, 969 
Sparse computation 
     in Game of Life, 949 
Spatial entropy, 958 
Spearman, Charles E. (England, 1863-1945) 
     and defining intelligence, 1178 
Special functions (of mathematical physics), 1092 
     and computational reducibility, 1132 
     curves from, 145 
     difficulty of evaluating, 1134 
Special-purpose devices 
     for cellular automata, 868 
     and shift registers, 974 
Special relativity 
     see Relativity theory 
Species (biological), 1003 
Spectra 
     of cellular automata, 1082 
     and defining randomness, 1068 
     in natural systems, 969 
     of nested 2D patterns, 1082 



     of nested mechanical systems, 1081 
     of noise, 968 
     of number theory functions, 911 
     properties of, 1080 
     of random walks, 977 
     and recognizing chaos, 972 
     of substitution systems, 586, 1080 
     of Weierstrass functions, 918 
Spectra (atomic) 
     and quantum history, 1056 
Spectral test 
     for linear congruential generators, 974 
Spectrum (radio) 
     uses of, 1188 
Speculative markets, 430, 1015 
Speech 
     compression of, 1080 
     generation of in brains, 826 
     and hidden Markov models, 1084 
     recognition of, 1100 
     as recognizable radio signal, 1188 
     sounds of, 585, 1079 
Speed of light, 1041 
     and causal networks, 520 
     expansion of universe at, 1056 
     and information transmission, 518 
     invariance of, 523 
     and quantum effects, 543 
     and speed of gravity, 1047 
Speed of sound, 997 
Speed-up theorems, 1134 
Speedups 
     and computational irreducibility, 743 
     in multiway systems, 1176 
     in Turing machines, 764 
Spell-checking systems, 1100 
Spelling 
     and soundex system, 623 
Spencer Brown, George (England/USA, 1923- ) 
     and axioms for logic, 1175 
     and Laws of Form, 1173 
Sperm, 970 
Sphere packing, 986 
     and codes, 1101 
     and cores of proteins, 1003 
     difficulty of, 349 
     and isotropy of lattices, 980 
     and lattices, 930 
     and pollen grains, 1011 
     and radiolarians, 1011 
     random, 986 
Spheres 
     configurations of charges on, 1146 
     d-dimensional, 1091 
     and defining scalar curvature, 534 
     lattice points inside, 910 
     vs. Lorentzian spaces, 1051 
     networks approximating, 480 
     volumes of, 1050 
Spherical networks, 1049 
SphericalHarmonicY 
     and isotropy measures, 980 
Spider webs 
     as animal artifacts, 1184 
     patterns in, 1011 
Spike trains (for neurons), 1075 
     repeatability of, 976 
Spin (in quantum theory), 1046 
     and Bell's inequalities, 1064 
     of elementary particles, 1043 
     in quantum computers, 1147 
Spin-flip transitions, 1187 
Spin foams, 1055 
Spin glasses 
     and Boolean networks, 937 
     and computational irreducibility, 1132 
     ground states of, 944 
     NP completeness in, 1146 
Spin networks, 1055 
     and discrete space, 1027 
     and loop quantum gravity, 1054 
Spin-statistics connection, 1046 
Spin systems 
     vs. cellular automaton fluids, 999 
     and computational irreducibility, 1133 
     and discrete quantum mechanics, 1060 
     as systems based on constraints, 944 
     undecidability in, 1138 

     see also Ising model 
     see also Lattice gases 
Spines on shells, 1008 
Spinning 
     as source of randomness, 970 
Spinning top 
     as exactly soluble, 1133 
Spinodal decomposition, 980 
Spinors, 1046 
     as basic quantum feature, 1059 
     as formulation of general relativity, 1048 
Spinoza's God, 1196 
Spiral galaxies, 1021 
Spiral waves 
     in reaction-diffusion CAs, 1013 
Spirals 
     in animal horns, 413 
     in constraint searches, 941 
     and general study of form, 967 
     in hopper crystals, 993 
     vs. nesting, 357 
     in plant phyllotaxis, 408 
     in shells, 1008 
     as space-filling curves, 935 
     and substitution systems, 192 
Spirits 
     and animism, 845, 1195 
Spirograph-like patterns 
     in astronomy, 1187 
Splashes, 377 
     as art, 839 
     as fluid phenomena, 1000 
     repetitive patterns in, 988 
Splicing 
     in DNA sequences, 1184 
Splines, 1084 
Split (split list) 
     basic example of, 853 
     and cyclic tag systems, 895 
     and iterative run-length encoding, 905 
     and minimal finite automata, 957 
     and nested patterns, 931 
     and run-length encoding, 1070 
     in sparse Life, 949 
     and Turing machine 1507, 1144 
Spontaneous generation (of life), 1179 
Spontaneous magnetization 
     in Ising model, 981 
Spontaneous organization, 223 
Spontaneous symmetry breaking 
     and particle masses, 1047 
     in phase transitions, 983 
Sporadic groups, 945 
Spores 
     as origin of life, 1179 
Spots 
     origin of on animals, 428 
Spread spectrum communications, 1086, 1188 
Springs 
     characteristic shapes of, 1183 
     nested arrangements of, 1081 
Sqrt (square root) 
     and computational reducibility, 747 
     computing, 141, 913 
     and constructible reals, 1129 
     continued fractions for, 144 
     cryptanalysis of, 1089 
     digit sequences under, 731 
     digits of, 139 
     and generating function for rule 150R, 1018 
     as growth rate for mobile automaton, 72 
     as growth rate for rule 225, 885 
     as growth rate for TM, 888 
     and Julia sets, 933 
     machine for computing, 1107 
     nested, 915 
     and random walks, 977 
     randomness in digits of, 967 
     register machine for, 1114 
     and standard deviation of Gaussian, 977 
     see also Quadratic irrationals 
     see also Sqrt[n] for specific n 
Squags (Steiner quasigroups), 1171 
     enumeration of, 805 
Squalls 
     as origins of randomness, 301 
Square-free sequences, 944 
     and cyclic tag systems, 895 



Square lattices 
     cellular automata on, 170 
     isotropy on, 980 
     random walks on, 329 
     TMs on, 184 
Square roots 
     of cellular automata, 956 
Squares 
     numbers as sums of, 135, 910 
Squaring 
     cellular automaton for, 639, 1109 
     digit sequences under, 731 
     and quadratic congruential generators, 975 
     repeated for powers, 615, 1093 
     sequences, 1090 
     Turing machines for, 1144 
     see also Quadratic residue sequences 
Squaring the circle, 1137 
Squashy objects 
     packing of, 988 
Squid 
     visual system of, 1075 
Staatliche Museum, Berlin, 873 
Stability 
     in financial systems, 430 
     of matter, 1059 
     from randomness, 266 
     topological, 1045 
Stable state 
     from random initial conditions, 224 
Stacks 
     and context-free languages, 939 
Stadium 
     and quantum chaos, 1056 
     in whimsical description, 850 
Staffelbach, Othmar J. (Switzerland, 1952- ) 
     and cryptanalysis of rule 30, 1087 
Staircases 
     in block emulations, 1118 
     characteristic shapes of, 1183 
Standard deviation 
     of Gaussian distribution, 976 
Standard mathematical functions, 1091 
     computational reducibility of, 744 
     and continuous computation, 731, 1128 
     curves from, 145 
     and digit cryptography, 1089 
     and exact solutions, 1133 
     vs. normal numbers, 912 
     patterns from, 747, 870 
     and rational integrals, 916 
     and three-body problem, 972 
     see also Mathematical functions 
Standard Model (of particle physics), 1025 
     elementary particles in, 1043 
     and gauge theories, 1045 
     origins of mass in, 1047 
StandardForm 
     issues in designing, 1182 
     for programs in notes, 854 
Star forts 
     nested architecture of, 874 
Star Trek 
     extraterrestrials in, 1191 
Starfish 
     shape of, 385 
     symmetries in, 1007 
Stars 
     as approximate spheres, 1187 
     formation of, 455, 1021 
     in general relativity, 1053 
     as parts of giant artifacts, 834 
     with planets, 1179 
     suitable for extraterrestrials, 1191 
     in three-body problem, 973 
     total light from in night sky, 1021 
State space 
     of cellular automata, 275, 869, 959 
State transition graphs 
     for cellular automata, 961 
     for Markov processes, 1084 
     for shift registers, 1089 
States 
     of cellular automata, 865 
     in quantum theory, 1056 
States of matter 
     as analogy for CA classes, 235 
Stationary phase approximation 

     in path integrals, 1061 
Statistical estimates 
     in cellular automata, 953 
Statistical fluctuations 
     and shot noise, 968 
Statistical independence 
     and Central Limit Theorem, 976 
Statistical mechanics 
     book about as early inspiration, 17, 864 
     and complexity in science, 861 
     and defining randomness, 1067 
     emergence of simple laws in, 1025 
     and existence of formulas, 1132 
     and financial markets, 1015 
     foundations of and randomness, 967 
     Gaussian distributions in, 977 
     history of, 1020 
     and history of statistics, 1082 
     models for fracture from, 995 
     Monte Carlo methods in, 1192 
     origins of irreversibility in, 441 
     and path integrals, 1061 
     and pattern formation, 947 
     phase transitions in, 981 
     summary of relations to, 16 
     use of in studying CAs, 961 
Statistics, 588-596 
     complexity of models in, 1068 
     and cryptanalysis, 1085 
     of data in 2D, 591 
     and defining randomness, 1067 
     history of, 1082 
     of human behavior, 1014 
     and isocorrelation textures, 1078 
     and neural networks, 1100 
     of proteins, 1184 
     of rule 30 center column, 871 
     as tests for fraud, 1184 
     and texture discrimination, 1077 
     as way to avoid complexity, 861 
     as way to avoid randomness, 967 
     of written languages, 1181 
Steam engines 
     linkages in, 1129 
     and thermodynamics, 1019 
Steel 
     fracture in, 994 
Stein, Paul R. (USA, 1924-1990) 
     and iterated maps, 918 
Steiner quasigroups (squags), 1171 
Steiner triple systems, 1171 
Stems of plants, 400 
     vs. antlers, 1008 
Stereograms 
     random dot, 1076 
Stevens, Peter S. (USA, 1936- ) 
     and patterns in nature, 967 
StieltjesGamma 
     difficulty of evaluating, 1134 
Stigmergy (local rules for animals), 1184 
     and aggregation systems, 1011 
Still Lifes (persistent structures in Life), 964 
Stimulated emission, 1195 
Stimulus-response 
     as definition of life, 823 
     and human thinking, 1099 
     undecidability in, 1138 
     Weber's law in, 1014 
StirlingS1 (Stirling numbers) 
     pattern generated by, 870 
StirlingS2 (Stirling numbers) 
     pattern generated by, 870 
Stirring 
     as source of randomness, 969 
Stochastic analysis, 587, 1081 
Stochastic differential equations 
     and cybernetics, 862 
Stochastic models, 968 
     and external randomness, 299 
     see also Probabilistic models 
Stock market prices, 429, 1014 
Stokes, George G. (England, 1819-1903) 
     and fluid flow past a sphere, 998 
Stokes lines 
     for mathematical functions, 917 
Stone, Paper, Scissors game, 1105 
Stone Age 
     art, 839, 874 



     stone circles, 1184 
     stone tools, 1183 
Stoneham, Richard G. (USA, 1920-1996) 
     and normal numbers, 912 
Stonehenge, 829, 1184 
Stopping problems 
     see Halting problems 
Stored-program computers, 1108 
     and history of universality, 1110 
Storms 
     as origins of randomness, 301 
Strange attractors 
     for differential equations, 961 
     vs. thermodynamics, 1020 
     see also Chaos theory 
     see also Class 3 behavior 
Strategies 
     for combinatorial optimization, 985 
     in game theory, 1104 
     for theorem proving, 1158 
Strawberries 
     phyllotaxis in, 409 
Stream ciphers, 598 
     and randomness generators, 975 
Streamlined objects in fluid flow, 998 
Streams 
     and landscape structure, 1001 
Streetlamps 
     visible from space, 1187 
Stress-energy tensor 
     in Einstein equations, 1052 
Stress patterns 
     around cracks, 995 
Stretching 
     and randomness, 306 
String concatenation systems (correspondence systems), 757, 1139 
String equations, 944, 1141 
String figures 
     as constructed by rules, 875 
String matching, 1101 
String rewriting systems, 88, 894 
     and Church's Thesis, 1125 
     and history of universality, 1110 
     as idealization of math, 1150 
     see also Multiway systems 
     see also Sequential substitution systems 
String theory (in physics) 
     and models of particles, 1044 
     and nature of space, 1028 
     not related to strings of elements, 1033 
     particle types in, 1047 
     and quantum gravity, 1054 
     and quantum history, 1058 
     as ultimate theory of physics, 1025 
StringJoin 
     and correspondence systems, 1139 
StringLength 
     and correspondence systems, 1140 
StringPosition 
     and generalized substitution systems, 1033 
StringReplace 
     and multiway systems, 937 
     vs. sequential substitution systems, 894 
     and substitution systems, 889 
StringReplacePart 
     and generalized substitution systems, 1033 
     and multiway systems, 937 
Strings 
     of balanced parentheses, 989 
     matching of in memory, 621 
     in multiway systems, 937 
     non-overlapping, 503, 1033 
     overlaps in, 503 
     undecidability of problems about, 1138 
Strings (physical) 
     in musical instruments, 1079 
Stripes 
     origin of on animals, 429 
     and transition in rule 184, 338 
Striping (bitslicing) 
     and implementing CAs, 866 
Stroke (Sheffer) 
     as notation for Nand, 1173 
Strong coupling 
     and path integrals, 1061 
Strong interactions (in particle physics), 1025, 1057 
Strouhal number, 998 
Structural landforms, 1001 

Structural stability 
     and history of chaos, 971 
Structuralism 
     and theories of communication, 1181 
Structurally-stable defects, 1045 
Structure-property relationships for chemicals, 1194 
Structure theorems 
     and integrals, 1177 
Structure transformations 
     in symbolic systems, 102 
Structures 
     in class 4 systems, 281-296 
     form of in architecture, 967 
     theory of in math, 1150 
     see also Localized structures 
Student t-distribution 
     found by Monte Carlo methods, 1192 
Stunted trees 
     as additive cellular automata, 878 
Sturgis, Howard E. (USA, 1936-1990) 
     and register machines, 896 
Sturmian sequences, 1081 
     and block frequencies, 1084 
     and Fibonacci substitution system, 890 
SU(2) 
     and spin, 1046 
     and spinors, 1059 
SU(2) x U(1) model, 1025 
SU(3) 
     as gauge group in QCD, 1057 
SU(n) 
     and 1/n expansion, 1040 
     and discrete quantum theory, 1060 
Subclasses 
     within class 4 CAs, 948 
Subdivision 
     and data compression, 568 
Subdivision systems (substitution systems), 82 
     2D, 187 
Subformula property 
     and arrangement of proofs, 1155 
Subgraph matching 
     and network evolution, 1038 
     NP completeness of, 1145 
Subjective contours in visual perception, 578 
Sublimation 
     as phase transition, 981 
Subordinate clauses, 1104 
Suborganisms 
     and biological evolution, 1002 
Subsequences 
     frequencies of, 1084 
     repeating, 1072 
Subset relation 
     as generating posets, 1041 
Subshifts of finite type (finite complement languages), 941 
     2D generalizations of, 959 
     and excluded blocks in CAs, 958 
     and repetitive states in CAs, 954 
Substitution 
     and structure of proofs, 775, 1155 
     see also ReplaceAll 
Substitution ciphers, 1085 
Substitution systems, 82-87 
     2D, 187-192 
     and animal growth, 420 
     and attractor structures, 959 
     as basic origin of nesting, 357 
     and billiard trajectories, 971 
     and CA encodings, 1119 
     and causal networks, 497 
     and computational reducibility, 1134 
     and continued fractions, 914 
     d-dimensional, 932, 1091 
     and data compression, 568 
     and digit sequences, 891 
     in embryo development, 1009 
     emulated by CAs, 659, 1111 
     emulated by TMs, 765 
     emulating CAs, 666 
     with equal block frequencies, 594 
     and evaluation chains, 1095 
     finite automata for patterns from, 1091 
     formulas for patterns from, 608 
     and genealogical trees, 1002 
     as generators of digit sequences, 913 
     geometrical, 189-192 
         see also Geometrical substitution systems 



     that get to any string, 1035 
     history of, 893 
     implementation of, 889 
     implementation of generalized, 1033 
     initial conditions from, 272 
     in iterated run-length encoding, 905 
     and lines on rasters, 916 
     as model of crushing, 986, 996 
     in music, 875, 1080 
     neighbor-dependent, 85-87 
     neighbor-dependent 2D, 192, 935 
     neighbor-independent, 82-85 
     neighbor-independent 2D, 187 
     network, 508-515 
     for non-periodic tiling, 942 
     order of replacements in, 501 
     and paths, 892 
     and pattern-avoiding sequences, 944 
     and plant branching, 400, 1005 
     probabilistic, 1084 
     random, 969 
     random initial conditions in, 949 
     randomness in, 88 
     relation to cyclic tag systems, 895 
     relation to iterated maps, 921 
     relation to multiplication, 903 
     relation to tag systems, 93 
     for rule 90 pattern, 609 
     for rule 150 pattern, 609 
     sequential, 88-92 
         see also Sequential substitution systems 
     and shapes of leaves, 401 
     and sine curves, 147, 917 
     space of possible, 406 
     spectra of, 586, 1080 
     and systems based on constraints, 942 
     and texture generation, 1077 
     and visual perception, 583 
     and Walsh functions, 1073 
     see also Multiway systems 
SubsuperscriptBox 
     and nested patterns, 932 
Successor function 
     in arithmetic axioms, 1152 
Succulents 
     phyllotaxis in, 409 
Sugars 
     and definition of life, 825 
Sum 
     numbers generated from, 917 
Sum (totalistic) rules, 60 
Sumerians 
     art of, 43, 873 
     and constellations, 1187 
Summaries of data, 548 
Sun 
     bending of light by, 1048 
     circular shape of, 861, 875 
     radiation from and weather, 1177 
     radio signals from, 1187 
     as source of radio noise, 1187 
Sun Microsystems, xiii, 854, 881 
Sundial shell 
     growth of, 415 
Sundman, Karl F. (Finland, 1873-1949) 
     and three-body problem, 972 
Sunspots 
     1/f spectrum of, 969 
     radio noise from, 1187 
Superconductors 
     phase transition in, 981 
     phyllotaxis-like patterns in, 1007 
Supercooling 
     and crystallization, 992 
Superelliptic Diophantine equations, 1164 
Superexponential growth 
     and real algebra, 1154 
     in TM running times, 763 
Superfluidity 
     in neutron stars, 1188 
     phase transition in, 981 
Supergravity theories 
     and space vs. contents, 1028 
Superimposing grids at different angles, 1078 
Supernatural being 
     as creator of complexity, 3, 861 
     and free will, 752 
     see also God 

Supernovas, 1188 
Superposition 
     in cellular automata, 952 
     and nested patterns, 955 
     and PDEs, 923 
     and quantum computers, 1148 
     in quantum theory, 541, 1058 
     of waves, 988 
Supersonic flow, 377 
     in CA fluids, 1000 
     past cylinders, 999 
     and Navier-Stokes equations, 997 
     sonic booms from, 984 
     see also Shocks 
Superstitions 
     and animism, 1195 
Superstrings 
     see String theory 
Supersymmetry 
     as basis for models, 1025 
     particles in models with, 1043, 1047 
     and quantum gravity, 1054 
     and vacuum fluctuations, 1062 
Supervised learning, 1102 
Surface tension 
     and crystal growth, 993 
     and packing, 988 
     in radiolarians, 1011 
     and soap foams, 1039 
Surfaces 
     of crystals, 993 
     curvature of, 1049 
     discretization of, 1050 
     geodesics on, 531, 1049 
     metrics for, 1048 
     and repeatable randomness, 976 
     roughness of, 996 
     see also Solids 
Surjectivity 
     in cellular automata, 280, 959 
     undecidability of, 1138 
Surreal numbers 
     as generalizing numbers, 1168 
     and runs of digits, 914 
Suture lines 
     in skulls, 1010 
Swell on oceans 
     as repetitive behavior, 988 
Swindale, Nicholas V. (England/Canada, 1951- ) 
     and pigmentation patterns, 1012 
Switch engine (in Game of Life), 965 
Switching circuits 
     and Boolean functions, 1097 
     and causal networks, 1033 
Sycamore leaves, 401, 1006 
Syllogisms, 875, 1151 
     and quantifiers, 1152 
Symbiosis 
     and biological evolution, 1002 
Symbolic algebra 
     and computational reducibility, 1132 
     see also Algebra 
Symbolic computation 
     and proof in operator systems, 801 
     see also Computer algebra 
Symbolic descriptions 
     and discreteness in programs, 976 
Symbolic dynamics 
     and arithmetic coding, 1071 
     and cellular automata, 960 
     and history of CAs, 878 
     and history of iterated maps, 919 
     and origin of substitution systems, 893 
Symbolic expressions 
     and computer communication, 1182 
     in Mathematica, 1103 
     to represent integers, 1121 
     structure of, 896 
Symbolic formulas 
     for cellular automata, 869 
     and computability, 1128 
     and history of universality, 1109 
     for iterated maps, 1098 
     see also Exact solutions 
Symbolic integration, 1177 
Symbolic logic 
     see Logic 
Symbolic notation, 1182 



Symbolic programming 
     in Mathematica, 853 
Symbolic representation 
     of infinity, 788 
Symbolic systems, 102 
     based on networks, 898 
     combinators as, 711 
     confluence in, 1036, 1113 
     emulating CAs, 668, 1113 
     history of, 898 
     implementation of, 896 
     and operator systems, 1172 
     test for universality of, 1123 
     tree representation of, 897 
     and valuation functions, 916 
Symmetric cellular automata 
     in 1D, 886 
     in 2D, 928 
Symmetric differences 
     and second-order CAs, 1018 
Symmetric graphs, 1032 
Symmetric matrices 
     in neural networks, 1102 
Symmetry 
     in aggregation systems, 979 
     in alkane molecules, 1194 
     between space and time, 485 
     in biological organisms, 1007 
     and CA discrete space, 1027 
     and constraints on network rules, 509 
     of crystals, 993 
     of exact solutions, 1133 
     in fossil organisms, 1179 
     and general study of form, 967 
     and isotropy on lattices, 980 
     and maximum periods, 950 
     in ornamental art, 872 
     of particles in physics, 528 
     and phase transitions, 981, 983 
     in plants, 1007 
     in quasicrystals, 994 
     of random biological patterns, 1013 
     in snowflakes, 992 
     and sphere packings, 987 
     and state transition graphs, 962 
     of tilings, 943 
Synapses, 1075 
     and memory, 1102 
     randomness in, 970 
Synchronic linguistics, 1181 
Synchronization 
     in practical computing, 1035 
     in the universe, 486 
Synchrotron radiation, 1187 
Synergetics 
     and history of complexity, 862 
     and reaction-diffusion, 1013 
Synoptic weather maps, 1178 
Syntax 
     CA as checker of, 1109 
     for computer communication, 1182 
     and context-free languages, 1103 
     of formal languages, 939 
     of math, 1150 
     and semiotics, 1181 
Synthesis (chemical), 1194 
Synthesizers (audio) 
     waveforms in, 1079 
Syracuse problem (3n+1 problem), 904 
Syrinxes of songbirds, 1180 
System identification, 550, 1083 
Systems theory 
     definitions of complexity in, 1069 
     and history of complexity, 862 
     summary of relations to, 15 
Systolic arrays 
     and history of CAs, 877 
Szmielew, Wanda M. (Poland/USA, 1918-1976) 
     and commutative groups, 1160 
Szudzik, Matthew P. (USA, 1973- ) 
     and axioms for logic, 1151 
     in Preface, xii 
T violation (time reversal violation), 1019 
T1 and T2 processes in networks, 1038 
Table 
     basic examples of, 853 
Tables 
     for Boolean formulas, 1095 

     leading digits in, 914 
     of primes, 910 
     of random numbers, 968 
     see also Multiplication tables 
Tabulating machines, 1107 
Tachyons, 1041 
     spin of, 1046 
Taffy 
     as chaos theory example, 306 
     fracture in, 994 
Tag systems, 93-94 
     cyclic, 95 
         see also Cyclic tag systems 
     density in, 894 
     emulated by correspondence systems, 1140 
     emulated by recursive functions, 1121 
     emulated by universal TM, 706, 1119 
     emulating CAs, 667, 1113 
     emulating TMs, 670, 1114 
     implementation of, 894 
     multiway, 1141 
     one-element-dependence, 1114 
     as precursors to my work, 879 
     random initial conditions in, 949 
     and TM 596440, 1120 
     undecidability in, 1136 
     uniform, 82 
         see also Substitution systems 
     universality in simple, 1120 
     universality of one-element dependence, 1120 
Tail recursion 
     and recursive functions, 907 
Tails (of data), 1083 
Taj Mahal 
     nesting in gardens of, 874 
Take (take elements) 
     basic example of, 853 
Tally sticks 
     and application of randomness, 968 
Tan 
     curve of, 145 
Tang, Chao (USA, 1958- ) 
     and self-organized criticality, 989 
Tangencies 
     in circle packings, 986 
     in ornamental art, 873 
Tanh 
     in neural network models, 1102 
     and solving Ising model, 982 
Taoism, 1196 
Tape 
     of Turing machine, 78 
Tapir 
     pigmentation pattern of, 426 
Taps in shift registers, 975 
Tarski, Alfred (Poland/USA, 1902-1983) 
     and axioms for geometry, 1154 
     and axioms for groups, 1153 
     and axioms for predicate logic, 1152 
     and real algebra, 1154 
     and undecidability of group theory, 1159 
Taste 
     sense of, 1105 
Tate-Shafarevich group, 1164 
Tau lepton 
     mass of, 1046 
     as type of particle, 1043 
Tautologies 
     based on Nand, 781, 1157 
Tautology 
     laws of, 817 
Tea leaves, 968 
Tearing of materials, 995 
Technical analysis 
     of financial markets, 1015 
Technology 
     components used in, 1195 
     dating of jargon about, 849 
     discussions of in this book, 1192 
     future of, 832 
     history of vs. fossil record, 398 
     and human condition, 846 
     implications for, 840-843 
     new purposes for, 843 
     and Occam's razor, 1025 
     optimization in advanced, 829 
     search-based development of, 1193 
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