Chapter Seventeen

Gauss and Green

17.1 Gauss's Theorem
Let B be the box, or rectangular parallelepiped, given by
B={(Xy,2:% EXEX, Y, EYEY,, 2, EZEZ};

and let S be the surface of B with the orientation that points out of B. Let F:B ® R® be
anice function, or field. For reasons that will become apparent as the drama unfolds, let's

compute the flux

GiF (r)>dS.

We shall do this by computing the surface integral over each of the six sides of B
and adding the results. Let S, be the side in the plane x = x;; let S, be the side in the

plane x=x, ; let S; be the side in the plane y=1y,; let S, be the side in the plane

y =Yy, andlet S and S, bethe obviousthings. We begin by computing the integral
ay (r)>dS.
S

A vector description of S, is quite easy to come by; it is, of course, smply
r(st) =xi+g+tk,
where y, £s£y, and z, £t £ z. (Obvioudy, sissmplyy,andtisz.) Then

Trofr_
s 1Tt
It is clear thisis the specified orientation. If F(r) = p(x,y,2)i +d(X,y,2) ] +r(x,y,2)k,

k=i.

then

14
@ (1)>dS = o (x,,8t) % dtds
S Yo%

14

= QOP(x,, S t) dtds

Yo%
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A vector description for the opposite side, X = X,, iSjust
r(sit) =x,i +g +tk,

and we have

@ (r)dS= ygci)c(xo,s,t) (- i) dtds
S Yo%

4

= Q0 P(X,,s,t) dtds

Yo%
The sum of these two is then

Y14
Q) () >dS+qgy (r)>dS = Ogp(X,,s:t) - p(X,,s,1)] dtds.
S S, Yoo
Observe that
T
P(x,St) - p(X,St) = Xco)ﬂ—s(x,s,t)dx.

Substitution of thisinto the previous equation gives us

14 X%
GOF (1) XS + G (1) >dS = @@C‘,TT—p(x, s,t)dxdltds
X

So Si YoZ %o

= LoV
5 X

and we have turned the sum of the two surface integralsinto aplain ol volume integral .

It should be clear how we also obtain

N\ N\ \\\ﬂq
r)>ds + r)>ds = dv, and
g)c() O Qwy

S, B

N\ N\ \\\ﬂr
r)>ds + r)>ds = dv.
g)c() g)c() w, ,

B

17.2



The flux over the entire surface Sis thus the sum of these:

c‘[‘j:(r) xS = @ﬂ—“‘ﬂ Pav + e qdv + @ﬂ—dﬂ Tav

(38)
_@p Mg frd
= ang, v

s enx Ty ‘Hz

We have now found the surface integral, or flux, in terms of an ordinary volume integral.
Now, suppose we have an "arbitrary” solid region B bounded by a surface S,
together with a function F(r) = p(x,y,2)i +q(X,y,2)j +r(x,y,2)k defined on B. Trap
B in a box and subdivide the box into parallelepipeds. Consider those parallelepipeds
{B:i =12,...,n} that meet B. The surface that bounds B will be called S, and oriented

so that the normal points out. The union P. =E{B}of al the B is thus an

approximation to the original solid B.
Apply the equation (38) to each of these and sum the equations:

méﬂp Ta9, fira

a @rm-s=a V.
'S

i Biex ﬂy ﬂz

The sum on the right hand side is just the integral over P, :

O ~ \\\eﬂp ﬂq ﬂru
r)>dS = +—+—pV
aigDC() B, &x Ty fz

Take a closer look at the sum of the surface integrals on the left hand side of this

equation. Suppose parallelepipeds B; and B, are adjacent, and call the common side T :
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In the sum of surface integrals, the integral over the common side T appears twice, once
from the integral over S;, the surface of B, and once from the integral over S, the
surface of B,. These integrals, will, however, have opposite signs because the
orientation of T has one direction as a part of the surface of B, and the opposite direction
as a part of the surface of B, . These two terms thus sum to zero and cancel each other.

In the sum of al the surface integrals, we are therefore left with only the integrals over
sides that are not adjacent to another box. A moments reflection, and you see that what is

left is precisely the integral over the boundary S of P, with the outward pointing

orientation. Mirabile dictu, thisis precisaly the equation (36):

ﬁ(r)mS:W“‘ﬂp+M+ﬂ“v

S, P, el X ﬂy 'ﬂZu

Now, as everyone can see coming, we look at the limit of this equation as we take smaller

and smaller subdivisons. Then P, ® B and S, ® S, giving us precisely the same result

for the arbitrary region B:

- «&p . Tg 9ru
r)>dsS = -2+ V
@ (195 = gy, * ) "8
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Thisisreally a big deal—such a big deal that it has its own name. Thisis called Gauss's
Theorem, or the Divergence Theorem

The integrand in the volume integral also has a name; it is called the divergence of
the function F. It isusually designated either div F , or NX= . Thus

With this new definition, Gauss' s Theorem looks like

QY (r) >dS = N = (r) dv
S
Example

Let'sfind the divergence of F(r) = < . First we need to see F in the form

F(xy,2) = p(x,y,2)i +a(x,y,2) ] +r(x,y,2)k

That's easy:

Cc . .
TS i

and so

_ X

(X2+y2+22)3/2’

cy
(X2+y2+22)3/2’

. cz
(X2+y2+22)3/2 '

A bit of elementary school calculus (remember Mrs. Turner!), and we have
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1 x> +y*+7° - 3x°

Cc )
X (XZ +y2+22)5/2

= =

q X2 +y2 + 72 - 3y?
¢ 52

Ty (C+y +2)
Tr

x> +y>+27°- 37
52 °

c
Nz (X2 +y? +7%)

Hence, N> = 0 everywhere (except, of course, for r = 0, where F is not defined.).
Gauss's Theorem now tells us that the integral of F over any closed surface that
does not enclose r = 0 must be zero. This might be the ho-hum of the week save for the
fact that the function F is a common one. It isthe gravitationa field of a point mass fixed
at the origin, or the electric intensity field for a point charge fixed at the origin, or any field
in which the magnitude is inversely proportional to the distance from the origin and which

points in the direction of the origin.
Exercises

1. Find the outward flux of the function F =(y- X)i +(z- y)j+(y- X)k across the

boundary of the cube bounded by the planes x =+4, y=%4,and z= 4.

2. Find Vi +xyj - zZ]>dS, where S is the boundary of the solid inside the cylinder
S

x> +y* £1 between z=0and z= x> + y?, with the outward pointing orientation.

3. Find ggjlog(x’ +y?)i +§2—Ztan-ligj +2/X% + y?k] dS , where Sis the boundary of
S X X

thesolid {(X,y,2)1EX*+y* £2, - 1£2£ 2.
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4, Let B a region in R®, and lee f:B® R be a function such that

LIS L

=0 in B (Such afunction f is said to be harmonic in B.). Let S
2 2 2
ix fiys 1z

be the boundary of B. Show that ¢jNf xdS = 0.
S

17.2 Green's Theorem

Let R be the rectangular region in the plane bounded by the rectangle with vertices
(%01 Yo)s (X1, ¥o), (X, Y1), @nd (Xp,Y;) -
(%0, Y1) (X, ¥1)

(X1 Yo) (%5 Yo)

Suppose F:R® R? is a vector function given by F(X,y) = p(x,y)i +q(x,y)j. Now,
let's compute the vector line integral of F around the rectangular boundary C in the
counterclockwise direction. We shall compute the integra in four parts: the integrals
along each of the straight line segments making up the boundary.

CS

=

)

Thus,
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c‘j:>dr:c‘j:>dr+c‘j:>dr+c‘j:>dr+c‘j:>dr.
c C Cs o

C,

We shall work out the evaluation of one of these in some painful detail; it should then be
rather obvious how to do the others. Start with a vector description of C:

rit) =ti+y,j, X, Et£x,.

Then, of course, % =i, and our line integral becomes
O >dr = g p(t, yo)i +a(t,y,) j1x dt = gp(t, y,)dt .
G Xo Xo

In asimilar fashion, we get

g >dr = o p(t,y,)dt.
C

3‘0/»3‘

Thus,
g >dr + g >dr = G [p(t Y1) - p(t o)t
G Cs %o

X1 1
= 0 P (¢, g)cs
%o Yo
o 10,

@ gy

In essentially the same manner, we find that

\ hY \\ﬂq
xdr + xdr = dA.
Ccf ag @

C, R
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Thus
c‘j:>dr:c‘j:>dr+d:>dr+d:>dr+d:>dr
C Cl Cz C4

_ .é1q_ Tpu
R 61X 'HYULPA

We have turned a one dimensional vector integral into a double integral, similar to
the way in which in the previous section we turned a two dimensional vector integral into
atriple integral.

Now suppose we have a reasonable region R bounded by a reasonable curve C

with a counterclockwise orientation:

Now cover this region with rectangles, and apply the above recipe to each rectangle, and
add all the equations, etc., etc., just as we did with the parallelepipeds in deriving Gauss's

Theorem. When the dust settles, we have the same result:

d?g
o
d d

c‘j:>dr: 0

C

x

R

y

o
(D

Thisis caled Green's Theorem. You should note that the same equation is valid even if

the region R is bounded by more than one closed curve.
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RUow

g

Here the boundary C consists of three curves with the orientation indicated by the arrows
in the fine picture—meditate on the covering by approximating rectangles and you will see
why the orientation of the "inside" curvesis clockwise. The line integral on the left sideis

simply the sum of the integrals over the pieces of the boundary curve.

Example

Let's evaluate the line integral  (§5yi +3(x+1) j]>dr, where C is the circle of
C

radius 2 centered at the origin, oriented counterclockwise. First, note that

M: ,andH: .
x Ty
Thus,
- : L€1g Tpu
Syl +3(x+1) j>dr = @a— - ¢
9 %ﬂx 'ﬂyu"*OIA
:-ZC‘ﬁjA:-Sp
R
Exercises

5. Bvauate (j(sinx+ 3y?)i+(2x- € v ) j]>dr, where C is the boundary of the half-disc
C

x?+y? £9, y3 0 oriented counterclockwise.
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u
H

1£r£2, 0£q £p, oriented clockwise. (These are the usua polar coordinates.)

6. Evauate c‘%(tan'l—)i +log(x? + y?)j,»dr , where C is the boundary of the region
X
C

7. Evduate the line integra c‘jyexzi +x%¥j]xdr, where C is the curve given by

C

r(t) =sinti +sin2tj, O£t £ 2p by using Green's Theorem.

17.3 A Pleasing Application
Here we shall use Green’s Theorem to find the area of aregion R bound by a
polygon P with vertices (X, ¥;),(X,, ¥,),--.,(X,, Y, ). How do we do this? We simply
apply Greens' Theorem to the function
F(xy) = p(x y)i +a(x y)j =X
Then Green’s Theorem tells us that
B g A= T
which becomes

GEFA = o4 e .
P

R
We thus find the area by evaluating the line integral on the right side. Thisis easy. We
simply integrate over each line segment of the polygon and add up the integrals.
Let’'sintegrate along the line segment L from (X,,VY,) t0 (X.1) Yis) - A VeEcCtor
description of this segment is
r(t) =@- t)(XJ + Y, J) +t(Xqi + V) s OELE£1.

Thus r'(t) = (Xuy = X )i + (Vir - Yi)i» and we have
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O 7 = QUL X, +tx ] (t)ek
Lk

1
= (Yisr - Yk)d(l' )X, + X, 0t

- (Yk+1 - yk)(xk+l + Xk)
2

n-1 ) i
Thus, Area= (jyA=Q (Yieer = Vi )2(Xk+1 %), W yn)Z(X1 X))
R k=1

Meditate on this result. It is redly a very smple formula for the area enclosed by a

polygon.

Example. We shall find the area of the quadrilateral with vertices (0O, 0), (2, 4), (1, 7),
and (-1, 9):

-1 05 0 05 S 15 2

Area= [(4- 0)(2+0)+(7- H@+D +(9- T)-1+1)+ (8- O)(-1+0)] =4

Exercises
8. Find the area enclosed by the octagon with vertices (0, 0), (1, 0), (2, 3), (0, 5), (-2, 2),
(-1, -1), (-2, -2), (-1, -3).

9. By means of aclever choice of the function F(Xx,y), use Green's Theorem and derive a

recipe for the integral qpxdA, where R is the region enclosed by the polygon with
R

vertices (X, Y1), (X5, ¥2)se- s (X, Vi )-
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10. By means of aclever choice of the function F(X,y), use Green’s Theorem and derive

arecipe for the integra cgydA, where R is the region enclosed by the polygon with
@
R

vertices (X, ¥;),(Xz, Y2)s -1 (Xy, Yi)-

11. Find the centroid of the region enclosed by the triangle with vertices (1, 1), (2, 8), and
(5,5).
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