
1 Multiplying Quaternions the EasyWay

Multiplying two complex numbersa � b I andc � d I is straightforward.
�
a, b � � c,d ��� �

ac � bd, ad � bc �
For two quaternions,b I andd I becomethe 3-vectorsB andD, whereB � x I � y J � z K andsimilarly for D.
Multiplication of quaternionsis like complex numbers,but with theadditionof thecrossproduct.

a,
�
B c,

�
D � ac � �B. �D, a

�
D � �B c � �B x

�
D

Notethatthelastterm,thecrossproduct,wouldchangeits signif theorderof multiplicationwerereversed(unlikeall
theotherterms).Thatis why quaternionsin generaldo not commute.

If a is the operatord/dt, andB is the del operator, or d/dx I � d/dy J � d/dz K (all partial derivatives),thenthese
operatorsacton thescalarfunctionc andthe3-vectorfunctionD in thefollowing manner:

d

dt
,
�	

c,
�
D �


����� dc

dt
� �	 . �D, d

�
D

dt
� �	 c � �	 x

�
D

 �����
This onequaternioncontainsthetime derivativesof thescalarand3-vectorfunctions,alongwith thedivergence,the
gradientandthecurl. Densenotation:-)
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2 Scalars,Vectors,Tensorsand All That

Accordingto my mathdictionary, a tensoris ...

”An abstractobjecthaving adefinitelyspecifiedsystemof componentsin everycoordinatesystemunderconsideration
andsuchthat, undertransformationof coordinates,the componentsof the objectundergoesa transformationof a
certainnature.”

To make this introductionlessabstract,I will confinethe discussionto the simplesttensorsunderrotationaltrans-
formations.A rank-0tensoris known asa scalar. It doesnot changeat all undera rotation. It containsexactly one
number, nevermoreor less.Thereis azeroindex for ascalar. A rank-1tensoris avector. A vectordoeschangeunder
rotation.Vectorshaveoneindex which canrun from 1 to thenumberof dimensionsof thefield, sothereis no way to
know a priori how many numbers(or operators,or ...) arein a vector. n-ranktensorshave n indices.Thenumberof
numbersneededis thenumberof dimensionsin thevectorspaceraisedby therank.Symmetrycanoftensimplify the
numberof numbersactuallyneededto describea tensor.

Therearea variety of importantspin-offs of a standardvector. Dual vectors,whenmultiplied by its corresponding
vector, generatea real number, by systematicallymultiplying eachcomponentfrom the dual vectorandthe vector
togetherandsummingthetotal. If thespacea vectorlivesin is shrunk,a contravariantvectorshrinks,but a covariant
vectorgetslarger. A tangentvectoris, well, tangentto a vectorfunction.

Physicsequationsinvolve tensorsof the samerank. Therearescalarequations,polar vectorequations,axial vector
equations,andequationsfor higherranktensors.Sincethesameranktensorsareonbothsides,theidentityis preserved
underarotationaltransformation.Onecoulddecideto arbitrarilycombinetensorequationsof differentrank,andthey
wouldstill bevalid underthetransformation.

Thereare ways to switch ranks. If thereare two vectorsandonewantsa result that is a scalar, that requiresthe
interventionof a metric to broker thetransaction.This processin known asan inner tensorproductor a contraction.
The vectorsin questionmusthave the samenumberof dimensions.The metric defineshow to form a scalarasthe
indicesareexaminedone-by-one.Metricsin mathcanbeanything,but natureimposesconstraintson which onesare
importantin physics.An aside:mathematiciansrequirethedistanceis non-negative,but physicistsdo not. I will be
usingthephysicsnotionof ametric. In lookingateventsin spacetime(a4-dimensionalvector),theaxiomsof special
relativity requiretheMinkowski metric,which is a4x4realmatrixwhichhasdown thediagonal1, -1, -1, -1 andzeros
elsewhere.Somepeoplepreferthesignsto beflipped,but to beconsistentwith everythingelseon this site,I choose
this convention.Anotherpopularchoiceis theEuclideanmetric,which is thesameasanidentity matrix. Theresult
of generalrelativity for asphericallysymmetric,non-rotatingmassis theSchwarzschildmetric,which has”non-one”
termsdown thediagonal,zeroselsewhere,andbecomestheMinkowski metric in the limit of themassgoingto zero
or theradiusgoingto infinity.

An outertensorproductis a way to increasetherankof tensors.The tensorproductof two vectorswill bea 2-rank
tensor. A vectorcanbeviewedasthetensorproductof a setof basisvectors.

What Ar eQuaternions?

Quaternionscould be viewed asthe outer tensorproductof a scalaranda 3-vector. Underrotationfor an event in
spacetimerepresentedby a quaternion,time is unchanged,but the3-vectorfor spacewould berotated.Thetreatment
of scalarsis thesameasabove,but thenotionof vectorsis far morerestrictive,asrestrictive asthenotionof scalars.
Quaternionscanonly handle3-vectors. To thosefamiliar to playing with higherdimensions,this may appeartoo
restrictive to beof interest.Yet physicson boththequantumandcosmologicalscalesis confinedto 3-spatialdimen-
sions.Note that the infinite Hilbert spacesin quantummechanicsa functionof theprinciplequantumnumbern, not
thespatialdimensions.An infinite collectionof quaternionsof theform (En,Pn)couldrepresentaquantumstate.The
Hilbert spaceis formedusingtheEuclideanproduct(q* q’).
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A dualquaternionis formedby takingtheconjugate,becauseq* q � (tˆ2 � X.X, 0). A tangentquaternionis created
by having anoperatoracton aquaternion-valuedfunction

��
t
,
�	 �

f
�
q � , �F � q �����


�����
�
f�
t
� �	 . �F, �

�
F�
t
� �	 f � �	 X

�
F

 �����
Whatwouldhappento thesefivetermsif spacewereshrunk?The3-vectorF wouldgetshrunk,aswouldthedivisorsin
theDel operator, makingfunctionsactedonby Del getlarger. Thescalartermsarecompletelyunaffectedby shrinking
space,becausedf/dt hasnothingto shrink,andtheDel andF canceleachother. The time derivative of the 3-vector
is a contravariantvector, becauseF would getsmaller. Thegradientof thescalarfield is a covariantvector, because
of the work of theDel operatorin thedivisor makesit larger. The curl at first glancemight appearasa draw, but it
is a covariantvectorcapacitybecauseof theright-anglenatureof thecrossproduct.Notethatif time whereto shrink
exactlyasmuchasspace,nothingin thetangentquaternionwould change.

A quaternionequationmustgeneratethesamecollectionof tensorsonbothsides.Considertheproductof two events,
q andq’:

t ,
�
X t � , �X� � t t ��� �X. �X� , t

�
X� � �X t ��� �Xx

�
X�

scalars � t , t � , tt � � �X. �X�
polar vectors � �X, �X� , t

�
X� � �X t �

axial vectors � �Xx
�
X�

Whereis theaxial vectorfor theleft handside?It is imbeddedin themultiplicationoperation,honest:-)

t � , �X� t ,
�
X � t � t � �X� . �X, t � �X � �X� t � �X� x �X

� t t ��� �X. �X� , t
�
X� � �X t ��� �Xx

�
X�

Theaxial vectoris theonethatflips signsif theorderis reversed.

Termscancontinueto getmorecomplicated.In aquaterniontriple product,therewill betermsof theform (XxX’).X”.
This is calleda pseudo-scalar, becauseit doesnot changeundera rotation,but it will changesignsundera reflection,
dueto the crossproduct. You canconvinceyourselfof this by noting that the crossproductinvolvesthe sineof an
angleandthedot productinvolvesthecosineof anangle.Neitherof thesewill changeundera rotation,andaneven
functiontimesanoddfunctionis odd.If theorderof quaterniontriple productis changed,thisscalarwill changesigns
for ateachstepin thepermutation.

It hasbeenmy experiencethatany tensorin physicscanbeexpressedusingquaternions.Sometimesit takesa bit of
effort, but it canbedone.

Individualpartscanbeisolatedif onechooses.Combinationsof conjugationoperatorswhichflip thesignof avector,
andsymmetricandantisymmetricproductscanisolateany particularterm.Hereareall thetermsof theexamplefrom
above

t ,
�
X t � , �X� � t t � � �X. �X� , t

�
X� � �X t � � �Xx

�
X�

scalars � t � q � q �
2

, t � � q � � q � �
2

, tt � � �X. �X� � qq � � � qq � ���
2

polar vectors � �X � q � q �
2

,
�
X� � q � � q � �

2
,

t
�
X� � �X t � � � qq � � � q � q ����� � qq � � � q � q ��� �

4

axial vectors � �Xx
�
X� � qq � � � q � q �

2

Themetricfor quaternionsis imbeddedin Hamilton’s rule for thefield.
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�
i

2 � �
j

2 � �
k

2 � �i �j �k ��� 1
This lookslikea way to generatescalarsfrom vectors,but it is morethanthat. It alsosaysimplicitly thati j � k, j k �
i, andi, j, k musthaveinverses.This is animportantobservation,becauseit meansthatinnerandoutertensorproducts
canoccurin thesameoperation.Whentwo quaternionsaremultiplied together, a new scalar(inner tensorproduct)
andvector(outertensorproduct)areformed.

How canthemetricbegeneralizedfor arbitrarytransformations?Thetraditionalapproachwould involveplayingwith
Hamilton’s rulesfor thefield. I think thatwould bea mistake, sincethat rule involvesthe fundamentaldefinitionof
a quaternion.Changethe rule of what a quaternionis in onecontext and it will not be possibleto compareit to a
quaternionin anothercontext. Instead,consideranarbitrarytransformationT which takesq into q’

q � q � � T q

T is alsoaquaternion,in factit is equalto q’ qˆ-1. Thisis guaranteedto work locally, within neighborhoodsof q andq’.
Thereis nopromisethatit will work globally, thatoneT will work for any q. Undercertaincircumstances,T will work
for any q. Theimportantthingto know is thatatransformationT necessarilyexistsbecausequaternionsareafield. The
two mostimportanttheoriesin physics,generalrelativity andthestandardmodel,involve local transformations(but
thetechnicaldefinitionof local transformationis differentthantheideapresentedherebecauseit involvesgroups).

Thisquaterniondefinitionof atransformationcreatesaninterestingrelationshipbetweentheMinkowskiandEuclidean
metrics.

Let T � I , the identity matrix

I q I q � � I q I q ���
2

� t 2 � �X. �X, 0

�
I q � � I q � t 2 � �X. �X, 0

In orderto changefrom wrist watchtime(theinterval in spacetime)to thenormof aHilbert spacedoesnotrequireany
changein thetransformationquaternion,only a changein themultiplicationstep.Thereforea transformationwhich
generatestheSchwarzschildinterval of generalrelativity shouldbeeasilyportableto a Hilbert space,andthatmight
bethestartof a quantumtheoryof gravity.

SoWhat Is the Differ ence?

I think it is subtlebut significant. It goesbackto somethingI learnedin a graduatelevel classon thefoundationsof
calculus.To make calculusrigorousrequiresthat it is definedover a mathematicalfield. Physicistsdo this besaying
thatthescalars,vectorsandtensorsthey work with aredefinedover thefield of realor complex numbers.

Whatarethenumbersusedby nature?Thereareevents,which consistof the scalartime andthe 3-vectorof space.
Thereis mass,which is definedby the scalarenergy andthe 3-vectorof momentum.Thereis the electromagnetic
potential,which hasa scalarfield phi anda 3-vectorpotentialA.

To do calculuswith only informationcontainedin eventsrequiresthata scalaranda 3-vectorform a field. Accord-
ing to a theoremby Frobeniuson finite dimensionalfields, the only fields that fit areisomorphicto the quaternions
(isomorphicis a sophisticatednotionof equality, whosesubtletiesareappreciatedonly by peoplewith a deepunder-
standingof mathematics).To docalculuswith amassor anelectromagneticpotentialhasanidenticalrequirementand
anidenticalsolution.This is thelogical foundationfor doingphysicswith quaternions.

Canphysicsbedonewithout quaternions?Of courseit can! Eventscanbedefinedover thefield of realnumbers,and
thentheMinkowski metricandtheLorentzgroupcanbedeployedto getevery resultever confirmedby experiment.
Quantummechanicscanbedefinedusinga Hilbert spacedefinedover thefield of complex numbersandreturnwith
every resultmeasuredto date.
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Doing physicswith quaternionsis unnecessary, unlessphysicsrunsinto a compatibility issue.Constraininggeneral
relativity andquantummechanicsto work within thesametopologicalalgebraicfield maybe theway to unite these
two separatelysuccessfulareas.
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3 Inner and Outer Productsof Quaternions

A goodfriendof minehaswonderedwhatis meansto multiply two quaternionstogether(thisquestionwasahot topic
in thenineteenthcentury).I caremoreaboutwhatmultiplying two quaternionstogethercando. Therearetwo basic
waysto do this: just multiply onequaternionby another, or first take the transposeof onethenmultiply it with the
other. Eachof theseproductscanbeseparatedinto two parts:asymmetric(innerproduct)andanantisymmetric(outer
product)components.Thesymmetriccomponentwill remainunchangedby exchangingtheplacesof thequaternions,
while the antisymmetriccomponentwill changeits sign. Togetherthey addup to the product. In this section,both
typesof innerandouterproductswill beformedandthenrelatedto physics.

The GrassmanInner and Outer Products

Therearetwo basicwaysto multiply quaternionstogether. Thereis thedirectapproach.

t ,
�
X t � , �X� � t t ��� �X. �X� , t

�
X� � �Xt ��� �Xx

�
X�

I call this theGrassmanproduct(I don’t know if anyoneelsedoes,but I needa label). Theinnerproductcanalsobe
calledthesymmetricproduct,becauseit doesnot changesignsif thetermsarereversed.

even t ,
�
X , t � , �X� �

� t ,
�
X t � , �X� � t � , �X� t ,

�
X

2
� t t � � �X. �X� , t

�
X� � �Xt �

I havedefinedtheanticommutator(thebold curly braces)in a non-standardway, includinga factorof two soI do not
have to keeprememberingto write it. The first term would be the Lorentzinvariantinterval if the two quaternions
representedthesamedifferencebetweentwo eventsin spacetime(i.e. t1� t2� deltat,...). The invariantinterval plays
a centralrole in specialrelativity. Thevectortermsarea frame-dependent,symmetricproductof spacewith time and
doesnot appearon thestageof physics,but is still a valid measurement.

TheGrassmanouterproductis antisymmetricandis formedwith a commutator.

odd t ,
�
X , t � , �X� �

� t ,
�
X t � , �X� � t � , �X� t ,

�
X

2
� 0,

�
Xx
�
X�

This is thecrossproductdefinedfor two 3-vectors.It is unchangedfor quaternions.

The Euclidean Inner and Outer Products

Anotherimportantway to multiply a pair of quaternionsinvolvesfirst takingthetransposeof oneof thequaternions.
For a real-valuedmatrix representation,this is equivalentto multiplicationby the conjugatewhich involvesflipping
thesignof the3-vector.

t ,
�
X � t � , �X� � t , � �X t � , �X�

� t t ��� �X. �X� , t
�
X� � �Xt ��� �Xx

�
X�

FormtheEuclideaninnerproduct.

t ,
�
X � t � , �X� � t � , �X� � t ,

�
X

2
� t t � � �X. �X� , �0

Thefirst term is theEuclideannorm if the two quaternionsarethe same(this wasthe reasonfor usingthe adjective
”Euclidean”).TheEuclideaninnerproductis alsothestandarddefinitionof a dot product.
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FormtheEuclideanouterproduct.

t ,
�
X � t � , �X� � t � , �X� � t ,

�
X

2
� 0, t

�
X� � �Xt � � �Xx

�
X�

Thefirst termis zero.Thevectortermsareanantisymmetricproductof spacewith time andthenegativeof thecross
product.

Implications

Whenmultiplying vectorsin physics,onenormallyonly considersthe Euclideaninnerproduct,or dot product,and
the Grassmanouterproduct,or crossproduct. Yet, the Grassmaninner product,becauseit naturallygeneratesthe
invariantinterval, appearsto play a role in specialrelativity. What is interestingto speculateaboutis the role of the
Euclideanouterproduct.It is possiblethattheantisymmetric,vectornatureof thespace/timeproductcouldberelated
to spin. Whatever theinterpretation,theGrassmanandEuclideaninnerandouterproductsseemdestineto do useful
work in physics.
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4 Quaternion Analysis

Complex numbersareasubfieldof quaternions.My hypothesisis thatcomplex analysisshouldbeself-evidentwithin
thestructureof quaternionanalysis.

Thechallengeis to definethederivativein anon-singularway, sothata left derivativealwaysequalsaright derivative.
If quaternionswould only commute...Well, thescalarpartof a quaterniondoescommute.If, in the limit, thediffer-
entialelementconvergedto a scalar, thenit would commute.This ideacanbedefinedprecisely. All that is required
is that themagnitudeof thevectorgoesto zerofasterthanthescalar. This might initially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionsthat representevents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar, eventsareseparatedby a timelike
interval. It requiresa speedlessthanthespeedof light to connecttheevents.This is trueno matterwhatcoordinate
systemis chosen.

Defining a Quaternion

A quaternionhas4 degreesof freedom,soit needs4 real-valuedvariablesto bedefined:

q � � a0, a1, a2, a3 �
Imaginewewantto doasimplebinaryoperationsuchassubtraction,withouthaving to specifythecoordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise.Let e0,e1,e2,ande3betheshared,but unspecified,basis.Now wecandefinethedifferencebetweentwo
quaternionq andq’ thatis independentof thecoordinatesystemusedfor themeasurement.

dq �
q � � q � ��� a0 � � a0 � e0,

�
a1 � � a1 � e1/3,

�
a2 � � a2 � e2/3,

�
a3 � � a3 � e3/3 �

Whatis unusualaboutthis definitionarethefactorsof a third. They will benecessarylater in orderto definea holo-
nomicequationlaterin thissection.Hamiltongaveeachelementparitywith theothers,avery reasonableapproach.I
have foundthatit is importantto give thescalarandthesumof the3-vectorparity. Without this ”scale” factoron the
3-vector, changein thescalaris not givenits properweight.

If dq is squared,thescalarpartof theresultingquaternionformsametric.

dqˆ2 �

����� da0

2e0
2 � da1

2 e1
2

9
� da2

2 e2
2

9
� da3

2 e3
2

9
,

2 da0da1e0
e1

3
, 2 da0da2e0

e2

3
, 2 da0da3e0

e3

3

 �����
In orderto make a simpleanddirect connectionto the Schwarzschildmetric of generalrelativity, let e1,e2,ande3
form anindependent,dimensionless,orthogonalbasisfor the3-vectorsuchthat:

� 1

e1
2 ��� 1

e2
2 ��� 1

e3
2 � e0

2

This unusualrelationshipbetweenthebasisvectorsis consistentwith Hamilton’s choiceof 1, i, j, k if e0ˆ2 � 1. For
thatcase,calculatethesquareof dq:

dq2 �

����� da0

2e0
2 � da1

2

9e0
2 � da2

2

9e0
2 � da3

2

9e0
2 , 2 da0

da1

3
, 2 da0

da2

3
, 2 da0

da3

3

 �����
Thescalarpart is known in physicsastheMinkowski interval betweentwo eventsin flat spacetime.If e0ˆ2doesnot
equalone,thenthemetricwouldapplyto anon-flatpeacetime.A metricthathasbeenmeasuredexperimentallyis the
Schwarzchildmetricof generalrelativity. Sete0ˆ2 � (1 - 2 GM/cˆ2 R), andcalculatethesquareof dq:
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dq2 �

������� da0

2 1 � 2 GM

c2R
� dA.dA

9 1 � 2 GM
c2R

, 2 da0
da1

3
, 2 da0

da2

3
, 2 da0

da3

3

 �������
This is the Schwarzchildmetric of generalrelativity. Notice that the 3-vectoris unchanged(this may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicaldefinitions. I have chosenthis
unusualrelationshipsbetweenthesquaresof thebasisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicaldefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaternionhas4 degreesof freedom.To completelyspecifya quaternionfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentvariablesinvolving q canbe definedusingconjugatescombinedwith
rotations:

q � � a0e0 � a1 e1/3 � a2 e2/3 � a3 e3/3

q � ��� a0e0 � a1 e1/3 � a2 e2/3 � a3 e3/3 � �
e1 q e1 � �

q � 2 � � a0e0 � a1 e1/3 � a2 e2/3 � a3e3/3 � � e2 q e2 � �
Theconjugateasit is usuallydefined(q*) flips thesignof all but thescalar. Theq*1 flips thesignsof all but thee1
term,andq*2 all but thee2term. Thesetq, q*, q*1, q*2 form thebasisfor quaternionanalysis.Theconjugateof a
conjugateshouldgivebacktheoriginalquaternion.
�
q � � � � q,

�
q � 1 � � 1 � q,

�
q � 2 � � 2 � q

Somethingsubtlebut perhapsdirectly relatedto spinhappenslooking athow theconjugateseffectproducts:
�
q q ��� � � q � � q �
�
q q � � � 1 ��� q � � 1 q � 1, �

q q � � � 2 ��� q � � 2 q � 2
�
q q � q q � � � 1 � q � � 1 q � 1q � � 1 q � 1

Theconjugateappliedto a productbringsthe resultdirectly backto the reverseorderof theelements.Thefirst and
secondconjugatespoint thingsin exactly theoppositeway. Thepropertyof going”half way around”is reminiscent
of spin.A tighterlink will needto beexamined.

Future Timelike Derivative

Insteadof the standardapproachto quaternionanalysiswhich focuseson left versusright derivatives,I concentrate
on theratio of scalarsto 3-vectors.This is naturalwhenthinking aboutthestructureof Minkowski spacetime,where
the ratio of the changein time to the changein 3-spacedefinesfive separateregions: timelike past,timelike future,
lightlike past,lightlike future,andspacelike. Thereareno continuousLorentztransformationsto link theseregions.
Eachregionwill requirea separatedefinitionof thederivative,andthey will eachhave distinctproperties.I will start
with thesimplestcase,andlook ata seriesof examplesin detail.

Definition: Thefuturetimelikederivative:

Considera covariantquaternionfunction f with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vectormustapproachzerofasterthanthe positive scalar. If this is not the case,then this definition
cannotbeused. Implementingtheserequirementsinvolvestwo limit processesappliedsequentiallyto a differential
quaternionD. First the limit of the threevectoris takenasit goesto zero,(D - D*)/2 -> 0. Second,the limit of the
scalaris taken,(D � D*)/2 -> � 0 (thepluszeroindicatesthat it mustbeapproachedwith a time greaterthanzero,in
otherwords,from thefuture).Theneteffectof thesetwo limit processesis thatD->0.
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�
f
�
q,q � , q � 1, q � 2 ��

q
�

� limit as d,
�
0 � > � 0

limit as d,
�
D � >

d,
�
0 f q � d,

�
D , q � , q � 1, q � 2 � f

�
q,q � , q � 1, q � 2 � d,

�
D  1

Thedefinitionis invariantundera passive transformationof thebasis.

The4 realvariablesa0,a1,a2,a3canberepresentedby functionsusingtheconjugatesasabasis.

f
�
q,q � , q � 1, q � 2 ��� a0 � e0

�
q � q � �
2

f � a1 � e1
�
q � q � 1 �� � 2/3 � � � q � q � 1 � e1� � 2/3 �

f � a2 � e2
�
q � q � 2 �� � 2/3 � � � q � q � 2 � e2� � 2/3 �

f � a3 � e3
�
q � q �!� q � 1 � q � 2 ��

2/3 � � � q � q �"� q � 1 � q � 2 � e3�
2/3 �

Begin with a simpleexample:

f
�
q,q � , q � 1, q � 2 ��� a0 � e0

�
q � q � �
2�

a0�
q
��

a0�
q � � lim lim e0 q � d,

�
D � q � � � q � q � � 2 d,

�
D  1 � e0

2�
a0�
q � 1 �

�
a0�
q � 2 � 0

Thedefinitiongivestheexpectedresult.

A simpleapproachto a trickier example:

f � a1 � e1
�
q � q � 1 �� � 2/3 ��

a1�
q
� �

a1�
q � 1 �

lim lim e1 q � d,
�
D � q � 1 � � q � q � 1 � � � 2/3 � d,

�
D  1 ��� 3 e1

2�
a1�
q � �

�
a1�
q � 2 � 0

Sofar, thefancy doublelimit processhasbeenirrelevantfor theseidentity functions,becausethedifferentialelement
hasbeeneliminated.Thatchangeswith thefollowing example,a tricky approachto thesameresult.

f
�
q,q � , q � 1, q � 2 ��� a1 �

�
q � q � 1 � e1� � 2/3 ��

a1�
q
� �

a1�
q � 1 �

� lim lim q � d,
�
D � q � 1 � � q � q � 1 � e1

� � 2/3 � d,
�
D  1 �

� lim lim d,
�
D e1

� � 2/3 � d,
�
D  1 �

� lim d,
�
0 e1

� � 2/3 � d,
�
0  1 ��� 3 e1

2
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Becausethe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit process,the
remainingdifferentialis a scalarsoit commuteswith any quaternion.This is whatis requiredto dancearoundthee1
andleadto thecancellation.

Theinitial hypothesiswasthatcomplex analysisshouldbeaself-evidentsubsetof quaternionanalysis.Sothisquater-
nionderivativeshouldmatchup with thecomplex case,which is:

z � a � b i , b � �
Z � Z � � /2i�

b�
z
�#� i

2
��� � b�

z �
Thesearethesameresultupto two subedits.Quaternionshavethreeimaginaryaxes,whichcreatesthefactorof three.
Theconjugateof a complex numberis really doingthework of thefirst quaternionconjugateq*1 (whichequals-z*),
becausez* flips thesignof thefirst 3-vectorcomponent,but noothers.

Thederivativeof a quaternionappliesequallywell to polynomials.

let f � q2�
f�
q
� lim lim q � d,

�
D

2 � q2 d,
�
D  1 �

� lim lim q2 � q d,
�
D � d,

�
D q � d,

�
D

2 � q2 d,
�
D  1 �

� lim lim q � d,
�
D q d,

�
D  1 � d,

�
D �

� lim 2q � d,
�
0 � 2q

This is the expectedresult for this polynomial. It would be straightforward to show that all polynomialsgave the
expectedresults.

Mathematiciansmightbeconcernedby this result,becauseif the3-vectorD goesto -D nothingwill changeaboutthe
quaternionderivative. This is actuallyconsistentwith principlesof specialrelativity. For timelike separatedevents,
right andleft dependon theinertial referenceframe,soa timelikederivativeshouldnot dependon thedirectionof the
3-vector.

Analytic Functions

Thereare4 typesof quaternionderivativesand4 componentfunctions.Thefollowing tabledescribesthe16derivatives
for thisset

a0 a1 a2 a3��
q

e0

2

e1� 2/3

e2� 2/3

e3

2/3��
q � e0

2
0 0

e3

2/3��
q � 1 0

e1� 2/3
0

e3

2/3��
q � 2 0 0

e2� 2/3

e3

2/3

This tablewill beusedextensively to evaluateif a function is analyticusingthe chainrule. Let’s seeif the identity
functionw � q is analytic.

Let w � q � a0 e0 � a1
e1

3
� a2

e2

3
� a3

e3

3

Usethechainrule to calculatethederivativewill respectto eachterm:�
w�
a0

�
a0�
q
� e0

e0

2
� 1

2�
w�
a1

�
a1�
q
� e1

3

e1� � 2/3 � � 1

2
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�
w�
a2

�
a2�
q
� e2

3

e2� � 2/3 � � 1

2�
w�
a3

�
a3�
q
� e3

3

e3�
2/3 � ��� 1

2

Usecombinationsof thesetermsto calculatethefour quaternionderivativesusingthechainrule.�
w�
q
��
w�
a0

�
a0�
q
� � w�

a1

�
a1�
q
� � w�

a2

�
a2�
q
� � w�

a3

�
a3�
q
� 1

2
� 1

2
� 1

2
� 1

2
� 1

�
w�
q � �

�
w�
a0

�
a0�
q � �

�
w�
a3

�
a3�
q � � 1

2
� 1

2
� 0

�
w�

q � 1 �
�

w�
a1

�
a1�
q � 1 �

�
w�
a3

�
a3�
q � 1 � 1

2
� 1

2
� 0

�
w�

q � 2 �
�

w�
a2

�
a2�
q � 2 �

�
w�
a3

�
a3�
q � 2 � 1

2
� 1

2
� 0

Thishasthederivativesexpectedif w � q is analyticin q.

AnothertestinvolvestheCauchy-Riemannequations.Thepresenceof thethreebasisvectorschangesthingsslightly.

Let u � a0e0,
�
V � a1

e1

3
� a2

e2

3
� a3

e3

3�
u�
a0

e1

3
� � �

V�
a1

e0,
�

u�
a0

e2

3
� � �

V�
a2

e0,
�

u�
a0

e3

3
� � �

V�
a3

e0

Thisalsosolvesa holonomicequation.
�����
�

u�
a0

� � �
V�
a1
� � �

V�
a2
� �

�
V�
a3

 ����� . � e0 � e1 � e2 � e3 �#�
e0 e0 � e1

3
e1 � e2

3
e2 � e3

3
e3 � 0

Thereareno off diagonaltermsto compare.

Thisexercisecanberepeatedfor theotheridentity functions.Onenoticeablechangeis thattherole thattheconjugate
mustplay. Considertheidentity functionw � q*1. To show thatthis is analyticin q*1 requiresthatonealwaysworks
with basisvectorsof theq*1 variety.

Let u �#� a0e0,
�
V ��� a1

e1

3
� a2

e2

3
� a3

e3

3�
u�
a0

� e1

3
� � �

V�
a1

e0,
�

u�
a0

e2

3
� � �

V�
a2

e0,
�

u�
a0

e3

3
� � �

V�
a3

e0

Thisalsosolvesa first conjugateholonomicequation.
�����
�

u�
a0

� � �
V�
a1
� � �

V�
a2
� �

�
V�
a3

 ����� . � e0 � e1 � e2 � e3 � � 1 �
� e0

� � e0 �$� e1

3
e1 � � e2

3
e2 � � e3

3
e3 � 0

Power functionscanbeanalyzedin exactly thesameway:

Let w � q2 � a0
2e0

2 � a1
2 e1

2

9
� a2

2 e2
2

9
�

a3
2 e3

2

9
� 2 a0a1e0

e1

3
� 2 a0a2e0

e2

3
� 2 a0a3e0

e3

3

u � a0
2e0

2 � a1
2 e1

2

9
� a2

2 e2
2

9
� a3

2 e3
2

9�
V � 2 a0a1e0

e1

3
� 2 a0a2e0

e2

3
� 2 a0a3e0

e3

3
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�
u�
a0

e1

3
� 2 a0e0

2e1

3
� �

�
V�
a1

e0

�
u�
a0

e2

3
� 2 a0e0

2e2

3
� � �

V�
a2

e0

�
u�
a0

e3

3
� 2 a0e3

2

3
� �

�
V�
a3

This time therearecrosstermsinvolved.
�

u�
a1

e0 � 2 a1e0e1
2

9
�
� �

V
1�

a0

e1

3

�
u�
a2

e0 � 2 a2e0e2
2

9
�
� �

V
2�

a0

e2

3

�
u�
a3

e0 � 2 a3e0e3
2

9
�
� �

V
3�

a0

e3

3

At first glance,one might think theseare incorrect,sincethe signsof the derivativesare supposeto be opposite.
Actually they are,but it is hiddenin an accountingtrick :-) For example,the derivative of u with respectto a1 has
a factorof e1ˆ2,which makesit negative. The derivative of the first componentof V with respectto a0 is positive.
Keepingall theinformationaboutsignsin thee’smakesthingslook non-standard,but they arenot.

Notethatthesearethreescalarequalities.TheotherCauchy-Riemannequationsevaluateto asingle3-vectorequation.
This representsfour constraintson thefour degreesof freedomfoundin quaternionsto find out if a functionhappens
to beanalytic.

Thisalsosolvesa holonomicequation.
�����
�

u�
a0

� � �
V�
a1
� � �

V�
a2
� �

�
V�
a3

 ����� . � e0 � e1 � e2 � e3 �#�
� 2 a0e0

3 � 2 a0e0e1

3
e1 � 2 a0e0e2

3
e2 � 2 a0e0e3

3
e3 � 0

Sincepower seriescanbe analytic,this shouldopenthe door to all formsof analysis.(I have donethe casefor the
cubeof q, andit too is analyticin q).

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelikederivatives.Therearefiveotherregionsof spacetimeto cover. The
simplestnext caseis for pasttimelike derivatives. Theonly changeis in the limit, wherethescalarapproacheszero
from below. Thiswill makemany derivativeslook timesymmetric,which is thecasefor mostlawsof physics.

A morecomplicatedcaseinvolvesspacelike derivatives. In the spacelike region, changesin time go to zerofaster
thanthe absolutevalueof the 3-vector. Thereforethe orderof the limit processesis reversed.This time the scalar
approacheszero,thenthe3-vector. Thiscreatesaproblem,becauseafterthefirst limit process,thedifferentialelement
is (0, D), whichwill notcommutewith mostquaternions.Thatwill leadto thedifferentialelementnotcancelling.The
wayaroundthis is to take its norm,which is ascalar.

A spacelikedifferentialelementis definedby takingtheratioof adifferentialquaternionelementD to its 3-vector, D -
D*. Let thenormof D approachzero.To bedefined,thethreevectormustapproachzerofasterthanits corresponding
scalar. To make thedefinitionnon-singulareverywhere,multiply by theconjugate.In the limit D D*/((D - D*)(D -
D*))* approaches(1, 0), ascalar.�

f
�
q,q � , q � 1, q � 2 ��

q

�
f
�
q,q � , q � 1, q � 2 � ��

q
�
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� limit as 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

f q � d,
�
D , q � , q � 1, q � 2 � f

�
q,q � , q � 1, q � 2 � d,

�
D  1

f q � d,
�
D , q � , q � 1, q � 2 � f

�
q, q � , q � 1, q � 2 � � d,

�
D  1 �

To make this concrete,considerasimpleexample,f � qˆ2. Apply thedefinition:

Norm


�����
�

q2�
q

 ����� � limit 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

a,
�
B � d,

�
D

2 � a,
�
B

2

d,
�
D  1 a,

�
B � d,

�
D

2 � a,
�
B

2 �
d,
�
D  1 � �

� lim a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D

a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D � �

Thesecondandfifth termsareunitary rotationsof the3-vectorB. SincethedifferentialelementD couldbepointed
anywhere,this is anarbitraryrotation.Define:

a,
�
B� � 0,

�
D a,

�
B 0, � �D norm 0,

�
D

Substitute,andcontinue:

� lim a,
�
B � a,

�
B� � 0,

�
D a,

�
B � a,

�
B� � 0,

�
D � �

� lim 4aˆ2 � 2
�
B.
�
B � 2

�
B.
�
B� � 2

�
D.
�
B � 2

�
D.
�
B� , �0

� 4aˆ2 � 2
�
B.
�
B � 2

�
B.
�
B� , �0 < � 2q % 2

Look athow wonderfullystrangethis is! Thearbitraryrotationof the3-vectorB meansthatthisderivativeis boundby
aninequality. If D is in directionof B, thenit will beanequality, but D couldalsobein theoppositedirection,leading
to a destructionof a contribution from the3-vector. Thespacelike derivative canthereforeinterferewith itself. This
is quitea naturalthing to do in quantummechanics.Thespacelikederivative is positivedefinite,andcouldbeusedto
defineaBanachspace.

Defining the lightlike derivative, wherethe changein time is equalto the changein space,will requiremorestudy.
It may turn out that this derivative is singulareverywhere,but it will requiresomeskill to find a technicallyviable
compromisebetweenthespacelikeandtimelikederivative to synthesisthelightlikederivative.
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5 TopologicalPropertiesof Quaternions

(sectionunderdevelopment)

TopologicalSpace

If wechooseto work systematicallythroughWald’s ”GeneralRelativity”, thestartingpoint is ”AppendixA, Topolog-
ical Spaces”.Roughly, topologyis thestructureof relationshipsthatdonotchangeif aspaceis distorted.Someof the
resultsof topologyarerequiredto makecalculusrigorous.

In this section,I will work consistentlywith thesetof quaternions,Hˆ1, or just H for short. Thedifferencebetween
therealnumbersR andH is thatH is notatotally orderedsetandmultiplicationis notcommutative.Thesedifferences
arenot importantfor basictopologicalproperties,sostatementsandproofsinvolving H areoftenidenticalto thosefor
R.

Firstanopenball of quaternionsneedsto bedefinedto setthestagefor anopenset.Defineanopenball in H of radius
(r, 0) centeredarounda point (y, Y) [note: small lettersarescalars,capitallettersare3-vectors]consistingof points
(x, X) suchthat

���
x � y,X � Y� � � x � y,X � Y��� < � r ,0 �

An opensetin H is any setwhich canbeexpressedasa unionof openballs.

[p. 423translated]A quaterniontopologicalspace(H,T) consistsof thesetH togetherwith a collectionT of subsets
of H with theseproperties:

1.Theunionof anarbitrarycollectionof subsets,eachin T, is in T

2.Theintersectionof a finite numberof subsetsof T is in T

3.TheentiresetH andtheemptysetarein T

T is the topologyon H. The subsetsof H in T areopensets. Quaternionsform a topologybecausethey arewhat
mathematicianscall a metric space,sinceq* q evaluatesto a real positive numberor equalszeroonly if q is zero.
Note: this is not themeaningof metricusedby physicists.For example,theMinkowski metriccanbenegativeor zero
even if a point is not zero. To keepthesameword with two meaningsdistinct, I will refer to oneasthe topological
metric,theotherasanintervalmetric.Thesedescriptivelabelsarenotusedin generalsincecontext usuallydetermines
which oneis in play.

An importantcomponentto standardapproachesto generalrelativity is productspaces.This is how atopologyfor Rˆn
is created.Eventsin spacetimerequireRˆ4,oneplacefor time, threefor space.Mathematiciansgetto make choices:
whatwould changeif work wasdonein Rˆ2,Rˆ3, or Rˆ5? Theprecisionof this notion,togetherwith thefreedomto
makechoices,makesexploring thesedecisionsfun (for thosefew who canunderstandwhatis goingon :-)

By working with H, productspacesareunnecessary. Eventsin spacetimecanbemembersof anopensetin H. Time
is thescalar, spacethe3-vector. Thereis no choiceto bemade.

OpenSets

Theedgesof setswill beexaminedby definingboundaries,openandclosedsets,andtheinteriorandclosureof a set.

I am a practicalguy who likespragmaticdefinitions. Let the real numbersL andU representarbitrary lower and
upperboundsrespectively suchthatL < U. For thequaterniontopologicalspace(H, T), consideranarbitraryinduced
topology(A, t) wherex anda areelementsof A. Useinequalitiesto define:
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an open set � � L,0 � < � x � a � � � x � a � < � U,0 �
a closed set � � L,0 � < � � x � a � � � x � a � < � � U, 0 �
a half open set � � L, 0 � < � � x � a � � � x � a � < � U,0 �
or
�
L, 0 � < � x � a � � � x � a � < � � U, 0 �

a boundary � � L, 0 ��� � x � a � � � x � a �
Theunionof anarbitrarycollectionof opensetsis open.

Theintersectionof a finite numberof opensetsis open.

Theunionof afinite numberof closedsetsis closed.

Theintersectionof anarbitrarynumberof closedsetsis closed.

Clearlythereareconnectionsbetweentheabovedefinitions

open set union boundary � > closed set

Thiscreatescomplementaryideas.[Wald,p.424]

Theinteriorof A is theunionof all opensetscontainedwithin A.

TheinteriorequalsA if andonly if A is open.

Theclosureof A is theintersectionof all closedsetscontainingA.

Theclosureof A equalsA if andonly if A is closed.

Definea point setasthesetwherethe lower boundequalsthe upperbound. Theonly opensetthat is a point setis
thenull set.Theclosedpoint setis H. A point setfor therealnumbershasonly oneelementwhich is identicalto the
boundary. A point setfor quaternionshasaninfinite numberof elements,oneof themidenticalto theboundary.

Whataretheimplicationsfor physics?

With quaternions,theexistenceanopensetof eventshasnothingto do with thecausalityof thatcollectionof events.

an open set � � L, 0 � <
�
x � a � � � x � a � < � U,0 �

timelike events � scalar
���

x � a � 2 � > � 0,0 �
lightlike events � scalar

���
x � a � 2 ��� � 0,0 �

spacelike events � scalar
���

x � a � 2 � < � 0, 0 �
A propertime canhave exactly thesameabsolutevalueasa purespacelike separation,sothesetwo will beincluded
in thesamesets,whetheropen,closedor on aboundary.

Thereis no correlationthereverseway either. Take for examplea collectionof lightlikeevents.Eventhoughthey all
shareexactly thesameinterval - namelyzero- theirabsolutevaluecanvaryall overthemap,notstayingwithin limits.

Althoughindependent,thesetwo ideascanbecombinedsynergistically. ConsideranopensetS of timelike intervals.

S �'& x,a e H, a fixed ( U,

L e R % � L,0 � < � x � a � � � x � a � < � U,0 � , and scalar
���

x � a � 2 � > 0 )
ThesetScoulddepictaclassicalworld historysincethey arecausallylinkedandhavegoodtopologicalproperties.A
closedsetof lightlike eventscouldbea focusof quantumelectrodynamics.Topologypluscausalitycouldbethekey
for subdividing differentregionsof physics.

Hausdorff Topology
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This propertyis usedto analyzecompactness,somethingvital for rigorouslyestablishingdifferentiationandintegra-
tion.

[Wald p424]Thequaterniontopologicalspace(H, T) is Hausdorff becausefor eachpair of distinctpointsa,b E H, a
notequalto b, onecanfind opensetsOa,ObE T suchthataE Oa,b I Obandtheintersectionof OaandObis thenull
set.

For example,find thehalf-waypointbetweenaandb. Let thatbetheradiusof anopenball aroundthepointsaandb:

let
�
r , 0 ��� � a � b � � � a � b � /4

Oa �*& a, x e H, a is fixed , r e R % � a � x � � � a � x � < r )
Ob �*& b, x e H, b is fixed , r e R % � b � x � � � b � x � < r )

Neithersetquitereachestheother, sotheir intersectionis null.

CompactSets

In this section,I will begin aninvestigationof compactsetsof quaternions.I hopeto sharesomeof my insightsinto
this subtlebut significanttopic.

First we needthedefinitionof a compactsetof quaternions.

[Translationof Wald p. 424] Let A bea subsetof the quaternionsH. SetA couldbe opened,closedor neither. An
opencoverof A is theunionof opensets+ Oa, thatcontainsA. A unionof opensetsis openandcouldhaveaninfinite
numberof members.A subsetof + Oa, thatstill coversA is calleda subcover. If thesubcoverhasa finite numberof
elementsit is calleda finite subcover. ThesetA subsetof H is compactif everyopencoverof A hasa finite subcover.

Let’s find anexampleof a compactsetof quaternions.Considera setS composedof pointswith a finite numberof
absolutevalues:

S �'& x1, x2,..., xn e H( a1, a2,..., an e R,

n is finite % � x1 - x1 � ˆ0 .5 � � a1, 0 � , � x2 - x2 � ˆ0 .5 � � a2, 0 � ,... )
ThesetS hasaninfinite numberof members,sincefor any of theequalities,specifyingtheabsolutevaluestill leaves
threedegreesof freedom(if thedomainhadbeenx E R, thenS would havehada finite numberof elements).Theset
S canbecoveredby anopenset + O , which couldhave aninfinite numberof members.Thereexistsa subset+ C , of+ O , thatis finite andstill coversS.Thesubset+ C , wouldhaveonememberfor eachabsolutevalue.

C � y e & O) ,e e R, e > 0
�
a1 � e � < y � y <

�
a1 � e, 0 � ,�

a2 � e � < y � y <
�
a2 � e, 0 � ,...,one y exists for each inequality

Everysetof quaternionscomposedof a finite numberof absolutevalueslike thesetS is compact.

NoticethatthesetS is closedbecauseit consistsof aboundarywithoutaninterior. Thelink betweencompact,closed
andboundsetis important,andwill beexaminednext

A compactset is a statementaboutthe ability to find a finite numberof opensetsthat cover a set,given any open
cover. A closedsetis theinterior of a setplustheboundaryof thatset.A setis boundif thereexistsa realnumberM
suchthatthedistancebetweenapoint andany memberof thesetis lessthanM.

For quaternionswith thestandardtopology, in orderto haveafinite numberof opensetsthatcovertheset,thesetmust
necessarilyincludeits boundaryandbebound.In otherwords,to becompactis to beclosedandbound,to beclosed
andboundis to becompact.

[Wald p. 425]Theorem1 (Heine-Borel).A closedinterval of quaternionsS:
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S � x e H,a, b e R, a < b
�
a, 0 � < � x � x < � � b, 0 �

with thestandardtopologyonH is compact.

Wald doesnot provide a proof since it appearsin many bookson analysis. Invariably the Heine-BorelTheorem
employs thedomainof therealnumbers,x E R. However, nothingin thatproof changesby usingquaternionsasthe
domain.

[Wald p. 425] Theorem2. Let thetopology(H, T) beHausdorff andlet thesetA subsetof H becompact.ThenA is
closed.

Theorem3. Let thetopology(H, T) becompactandlet thesetA subsetof H beclosed.ThenA is compact.

Combinethesetheoremsto createa strongerstatementon thecompactnessof subsetsof quaternionsH.

Theorem4. A subsetA of quaternionsis compactif andonly if it is closedandbounded.

Thepropertyof compactnessis easilyprovedto bepreservedundercontinuousmaps.

Theorem5. Let (H, T) and(H’, T’) betopologicalspaces.Suppose(H, T) is compactandthefunctionf: H -> H’ is
continuous.Thef[H] �.+ h’ E H’ / h’ � f(h) , is compact.Thiscreatesacorollaryby theorem4.

Theorem6. A continuousfunctionfrom a compacttopologicalspaceinto H is boundandits absolutevalueattainsa
maximumandminimumvalues.

[endtranslationof Wald]

Rˆ1 versusRˆn

It is importantto note that thesetheoremsfor quaternionsarebuild directly on top of theoremsfor real numbers,
Rˆ1. Only the domainneedsto be changedto Hˆ1. Wald continueswith theoremson productspaces,specifically
Tychonoff ’sTheorem,sothattheabovetheoremscanbeextendedto Rˆn. In particular, theproductspaceRˆ4 should
have thesametopologyasthequaternions.

Hopefully, subtletymattersin thediscussionof the logical foundationsof generalrelativity. Both Rˆ1 andHˆ1 have
a rule for multiplication, but Hˆ1 hasan antisymmetriccomponent.This is a descriptionof a difference.Rˆ4 does
not comeequippedwith a rule for multiplication, so it is qualitatively different,even if topologicallysimilar to the
quaternions.

18


